763310A ANALYTICAL MECHANICS Exercise 11 Autumn 2016

1. Solution:

The total kinetic energy consists of the kinetic energy for the c.m (center
of mass) and the kinetic energy related to the rotation around the c.m
1 1
T = —Mv* + ZIw?
2 2

where w is the angular velocity of the cylinder around its axis and [ is
the moment of inertia for the cylinder is 1/2Ma?. The c.m has velocity

v=(R—a)b.

The rotating angle of the cylinder has to be calculated with respect to
—y-axis counterclockwise around z-axis. Thus the angle is a = ¢ — 0
and the angular velocity w = & = ¢ — 6. Now we solve the angle ¢:

s= RO R R .
= RO = —0 = —0.

{s:ago = ap = RO = ¢ . = ¢ .

This means
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Combining our results leads to kinetic energy

1 1
T = §Mv2 + §Iw2

1 ., 101 R—a:\’
= -M[(R—a)b]® + = * =Ma?
5 (R a)9]+2*2 a( - 9)
1 1 .
— 5M(R —a)*0* + ZM(R — a)*0*
3

= M(R - a)26.



The c.m. has potential
V =—-Mg(R — a)cosf.

The Lagrangian of the system is

L= ZM(R— a)?6* + Mg(R — a) cosf
o1
~ ZM(R — a)** = SMg(R — o) + Mg(R — a)

where we used an approximation for small oscillations |f] << 1, and
after applying the Lagrange equation we get the equation of motion:

3 ..

5M(R —a)*0+ Mg(R—a)d =0
=

9+—3(R_a>9_0

that is the equation of the harmonic oscillator with a frequency

J%Q:i% §(R—a)

2. Solution:
From the lectures we know

1. . 1 . 1
T = 5[1(5 siny — @ sin B cosy)? + §Ig(o'zsinﬁsinfy + Bcosy)? + 51'3((54 cos B+ 4)%.

The needed derivatives are

oT . :
8_7 = I3(&cos B +79) = wsls
and
oT - . N :
5 = [;(Bsiny — @sin S cosy)(&sin fsiny + B cosy)
g

+ I(ésin Bsin~y + B cosy)(ésin B cosy — Bsin )
= ]1&)1&)2 — Igwl(.UQ

= (Il — IQ)WlWQ.



Thus we get

d

dt
s
d

—(W3[3) - (Il - Ig)wlwg = N3

=
13(,;)3 = (Il — IQ)WIWQ + N3.

3. Solution:
The Lagrangian is

1 : 1
L= §Il(d2 sin® B+ 3%) + 513((54 cos 3 ++)? — Mgl cos 3

and the canonical momenta are

oL
Pa =547 Iy sin® Bé + I3(ccos 3 + %) cos
«

and

oL : :
Py = i I3(écos 5+ 7).

Note that o and «y are cyclic coordinates and thus the momenta p, and p,
are conserved. The coordinate 3 is not cyclic and hence the momentum

oL

za—ﬁ.zhﬁ

Ds

is not constant. Now we solve & and ¥ from the momenta p, and p,:

oL i .
Py = 0_7 = I3(c&ccos B+ 7)

4

G = Pa—Pycosf
I, sin? 8
and we put the solved & back to 7
o — D~ COS
W:&—dcosﬁ:&—p—% b

[3 13 Il Sin25 COSB.



The Hamiltonian is
H = Z ¢ipi —

= épa + Bps + 40y — L

= &(I sin® B + I3(cvcos B+ 7) cos B) + SIS + Is(ccos f + %)

1 . 1
— [51'1(0'42 sin® B + 3%) + 5[3(0'4 cos B+ 4)* — Mgl cos 5]

1 . 1
511((342 sin? B + 3%) + 5[3((34 cos B+ )% + Mgl cos f3
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_Da —Paby cosf 1 [ o _papw —‘p% cosfi sp L I
I, sin” 8 I, sin” 8 2 ]128111 6]
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S L Yy faneg T Meleosh

= S0 + Via(B)

Because 0, L

—Vor(8)

= 0, the Hamiltonian is a constant of motion. The Hamil-

tonian is same as the total energy of the system H = E:

E = 21+ Vel )

=

48 P
sl E—V,
(dt) 11( Verr)
~
=5
=
48 2
Lt /2 E-V,
dt [1( )
=
a Lo df
2 \/E — Vo)
=
) dp
2 E — V)
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4. Solution:
The pendulum has the Lagrangian

1 .
L= §ml26’2 + mgl cos 6.

The canonical momentum is

oL . . P
=~ =ml*l=0=—".
P~ " mi?
Thus the Hamiltonian is
H=60p—L
2 2
_p 1L of P
= W — éml (W) — mgl cos 6
2
=5 mgl cos 6.
and the Hamilton equations are
g_9H _
Idp ml?
. OH 00
= ——— = —mgsinf.
p 90 gs
From the Hamilton equations we get
N
ml?
=
(9 = W = _W Slne
~
0 + g sinf =0

[

that is the same equation of motion as in the Lagrange’s formalism,
and in the limit of small oscillations it reduces to the equation for the
harmonic oscillation.



