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• acbedgf.h(ijiedkf/b
lnmpo�q�r dgf.b q ijskh�bedtd o�quq�v dwiji q h(ief qyxjx s vYz/z f/{ v {g{ xD| f}{~d v~� b our b�{g{gi
lnmpo�q�r dgf.b q ijskh�b �~v�qPz ij{ rjvY� f q�vYq b q d~�j� z/x {~d x

• � z.v d v dwiji qR��v dkd x<mpo�qur dgf.b q f ijskh�bed�d ouq�q�v dwiji q�| f/{�d v f/{g{ x xi
� i = 1, . . . , n �Ya v s r��

f�d xjxeq f(xi) ≡ fi ����f}{~d v f.d x (xi, fi) {ki q bedwiji q�� i(dwi | f}{~d v f r {�f�� v {kf � � � f.d�dgi o {�d o��z b r {kf}i����
• � q d v s | b z i�i(dgf.bWdgijs r bjf.d�dwiji mpo�q�r dkf/b q iesghjb �~v�q��]x�x sgf�dkd xe� f}{~d x�| f}{~d v f}{k{ x x � xi <
x < xi+1

� i = 1, . . . , n− 1 �
l�� b�{R�
i z/o dgi�i q�z ij{ rjv i f(x) ��r�o�q x < x1 dwief x > xn

��r ��{ v b qKv�r {�dkswi | b z iji �dkf/b�{�dgiu�,� xjz.z �jf q � z.v�vYq { x iesgh(i(dgi�i q�mpo�q�r dkf/b q�r�x ��dkd x ��d~� � f q�v�q�� i�{�b(h�f.d vY�dgi�i q iesgh�ied�d o�� i z/z f � iedgiji q���� ij� � b z.z f/{kf �W� i q ����h�f q�� �pd x {�d x�� ���j� v��W�� f qyz f/{ xjx ���
l � q d v s | b z ijiedkf/bedgi�dgijf mpo�q�r dkf/bjf ��v�q i |�| sgb r {kf � bjf q dkf}i:dwiesgh�f.dgi�i qNv {kf � � mpo�q�r��

dkf/b q f q d vY  sgi�i z f/i z i�{ r�v dkdgi v {k{gi � dwief¡� z/vYvYq { xjr f q�� b�{ mpo�q�r dgf.bjdgiIdgijskh�f.dgi�i q� b�{g{gief q¢z i�{ r�o {g{gi � i � b r bI{�f/f.d x�v ftdkf v���v d x dgijs |�vYv�r {kf£dgief:{ v b q �ui q�r i z ir(x {kf�d vYz/z/x �
• ¤ o�q�r dgf.bjdgiWhjb�f � i�i q i |�| sgb r {kf � b�f � i | b z � q b � f z/z i ��v {kf � �

p(x) =

n
∑

i=1

fi

n
∏

j=1,j 6=i

x− xj

xi − xj

l�¥¡o b � ���jb
� | b z � q b � f'b q ij{�d v dkdgi n− 1 �
l§¦
¨g©�ª¬«e�« �
b�{�b�f�dwi ��v dkd x p(xi) = fi

� i = 1, . . . , n �
l ��b z � q b � f'b q � v�z.|u| b z ij{ rjv i � i r(x {kf�d vYz/z/x �
l ��b z � q b � f'b qW� ied r�o h(i � i xjx s v dkdk� ��xjq�� b q dgi r�v skdgiji ��v skf/hjb�f�d o h(i��
l¯®�o�o skf z.z i n � q ijskh�bjf z.z i | b z � q b � fRb�{ r f z.z bjf�hjb�f � i r�r i�ij{�dkf

°



In[534]:= a = TableA9x, ExpA-x2E=, 8x, -2, 2, 0.05<E �� N;

b = InterpolatingPolynomial @a, xD;
PlotA9ExpA-x2E, b=, 8x, -2.1, 2.1<,
PlotRange ® 80, 1<, AxesOrigin ® 80, 0<, ImageSize ® SmallE

Out[536]=
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l²± f^{kb(h v�z.z/o[vYr {~dgsgi | b z i�i(dgf.b�b q
• ��i z b�f�dkdgijf q�v�q f q d v s | b z bjf q dkf

l ¤ ouq�r dkf/bedgi f i |�| sgb r {kf � b�f � i�i q�� b r ief}{ vYz/z i³h xez f z.z}x xi < x < xi+1
v skfmpo�q�r dgf.b�f z/z i ����v s r � f(x) ≈ qi(x) �ur�o�q xi < x < xi+1

� i = 1, . . . , n− 1 �
l � q d v s | b z bjf/h(i mpouq�r dkf/bWb qyq ��d | i z b�f�dkdgief q[��x�x sgf�d vYz d~�

Q(x) =















q1(x), x1 < x < x2

q2(x), x2 < x < x3

. . .
qn−1(x), xn−1 < x < xn

� ° �

l ¤ ouq�r dkf/bed qi hjb�f.h(i(dRb z.z i v {kf � � | b z � q b �Wv�� i � � r {�f q�r�v skdgief}{kf ��� f z/z iji q h(i r f/b �dgijf z f q�v ijijskf}{�f}i mpouq�r dkf/bjf.dgi��
In[408]:= a = Table@8x, Sin@xD<, 8x, 0, 2 Π, Π � 3<D;

b = Interpolation @a, InterpolationOrder ® 1D;
Plot@8Sin@xD, b@xD<, 8x, 0, 2 Π<, ImageSize ® SmallD

Out[410]=
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l�� b�{ qi b(h(ied:{ o b�skf}i � dg{�� qi(x) = ai(x− xi) + bi � i = 1, . . . , n ��r�v skdkb�f ��v d
ai

� i bi {giji � iji q��]xjx s x dkd~� x { o b�sgi�i q]mpouq�r dkf/b q iesghjb�f/{�dgiu� qi(xi) = fi �l�� b�{ qi b(h(i(d r bjs rjv i ��� i q i�{~d vYvYqn| b z � q b ��v�� i � dwiesgh�f.dgi�i q´z f/{ xev ��dgb � iu�µ { v f q h�i�i � f.dgi�i q¢v {�f � �¶f q d v s | b z b�f.h(i q¢mpo�q�r dkf/b q���v sgf/h�i�i(dwi qc� ied r�o h o�o {| f}{~d v f}{k{ x xi �l �¶i z � b q[r(x ��d v dkd~�]f q d v s | b z ijiedkf/bNb qPq {�� z/o b q�q b z/z f q�vYq[r�o�o dgf.b z.z f quvYq { |�z f q�vj�� b�{g{gi r�o�r f q qi b q[· ��ij{�d v�vYq[| b z � q b � f ��� i Q′ � i Q′′ b(h(i(d � i(d r�o h�f/i ��r�ouq
x1 < x < xn

�(� i Q′′(x1) = Q′′(xn) = 0 �

¸



l a�iedk� v�� iedkf}¹Yi�{k{gi v�� �u{ |uz f q�vL� {kb(h�f.d o {ti q dgiji | ijsgi �Wv dksgf/{ vYq�r(x ��s xeq �
<< Splines`
s = SplineFit @a, CubicD;
ParametricPlot @s@xD, 8x, 0, 2 Π<,
ImageSize ® Small,
AspectRatio ® 1 � GoldenRatio D

Out[604]=
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l �¶i z bjf.d�dwief q)�]xjx skf.d v�z d~��f q d v s | b z ijiedkf/b mpo�qur dgf.b r(x ��d�d x ��d~��� � iedgi | f/{�d v f ��v�q
h xez/v f}{k{ x�| ies vY��� f qºr�o f q � r {kf | b z � q b � f � {kf z/z/x�| b z � q b � f q i�{~d v�| ��{����r�o sgf/{g{kiu�

l
• ¥¡o b � ��d x {g{ x���x d v d xjxjq�| i z � b q �uf v�q b o�r {kf/i ��r�o d vYq h�f/sk� v�vYq iesgh�f.b�f q dkf}i ��| bjf}{Y�» f}{ x dkf v dkb�i z �(��d~��� �Do f}{~dwi q�ou�Wv skf/f r i qyr�o sg{g{ v f/{�dgiu�

¼½E<F�M�¾KHKMLBNC,M

• � b�{ mpo�q�r dkf/b q�z i o { v�rjv b q dkf v�� b�{k{gi ����v sgf.h(ijiedgi q"z f r f}iesghjb¿{giji � iji q { o b�sgi�i q��x�x sgf�d vYz/�]x {�d x �
f ′(x) = lim

h→0

f(x+ h) − f(x)

h

h�i z f.dg{ vY� i z.z i h � q ijskh�bN�
i z/o d o�q dwies r�r�o�o
��vYq��Do�r iji q �
• ¤ o�q�r dgf.b q f ��v skf/h(iji(dgbjf z.z/v hjb�f � iji qÀ� bj��dwiji z f r f ��x�x s x f}{�f x�z i o { vYr�rjv f�dwi f � q ��i�� �z b�skf q {gies � ij{�dgi

f(x) =

∞
∑

i=0

f (i)(x0)

i!
(x− x0)

i

• � z.v d v dwiji qÁ��xez/z.v�vYqR��v dkd xDmpo�q�r dkf/b q ijskh�bed�d o�q�q�v dgi�i q�| f}{�d v f}{g{ x xi
� i = 1, . . . , n �

f(xi) ≡ fi �j� z/v d v dgi�i qDz f}{ xjr {kf ��v d�d xÀ| f}{~d vYv d xi b(h�ied,dwij{gi�h xez/v f qR� dw{Y� xi+1−xi =
h � i = 1, . . . , n− 1 �

l ° � ��v sgf.h(ijiedgi z.z/v {ki�i � i�i q dwies rjvY��| fRijskh�f/bu�
f ′(xi) =

fi+1 − fi−1

2h
− 1

6
f ′′′(xi)h

2 + . . . � ¸ �
l ¸ � ��v sgf.h(ijied�dwi

f ′′(xi) =
fi+1 − 2fi + fi−1

h2
− 1

12
f (4)(xi)h

2 − . . . � · �

·



l�· � ��v sgf.h(ijied�dwi
f ′′′(xi) =

fi+2 − 2fi+1 + 2fi−1 − fi−2

2h2
− 1

4
f (5)(xi)h

2 + . . . �ÃÂ��
lÄ� i q f.f q²v���vYz/z.v�vYq ���Y�k¤ o�q�r dkf/b q n � q�quvYq���v skf/h(ijiedgi q ijskh�b q´z ij{ rjvY� f}{ v {k{gidgijskh�f.dgi�i q�mpouq�r dkf/b q iesghjb n+ 1 | f}{~d vYv {g{ x �
l§¦
¨g©�ª¬«e�« �(�^b � f}{~dwi<�jb
� r iji�h(i(dÅ� r � quxjz.z}x�� i | i |
v skf z/z i�� z/x ��dkf vYq f � q ��i�� z b�skf q{gies � ij{�dgi��

In[592]:= f@x_D := Exp@0.2 xD Sin@xD; n = 16; Clear@tD;
t@1D = 0; t@nD = 2 Π;

DoBt@iD = t@1D + Hi - 1L 
t@nD - t@1D

n - 1
, 8i, 2, n - 1<F;

h = t@2D - t@1D;
df = TableB:t@iD, f@t@i + 1DD - f@t@i - 1DD

2 h
>,

8i, 2, n - 1<F;
ddf = TableB:t@iD, f@t@i + 1DD - 2 f@t@iDD + f@t@i - 1DD

h2
>,

8i, 2, n - 1<F;
dddf = TableB:t@iD, f@t@i + 2DD - 2 f@t@i + 1DD

2 h3
+

2 f@t@i - 1DD - f@t@i - 2DD
2 h3

>, 8i, 3, n - 2<F;
In[599]:= g1 = Show@ListPlot @dfD, Plot@f'@xD, 8x, 0, 2 Π<DD;

g2 = Show@ListPlot @ddfD, Plot@f''@xD, 8x, 0, 2 Π<DD;
g3 = Show@ListPlot @dddfD, Plot@f'''@xD, 8x, 0, 2 Π<DD;
GraphicsArray @8g1, g2, g3<D

Out[602]=
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• Æ v skf/h(iji(dwi q iesghjb q�z ij{ rjvY� f}{ v�r {�f � iedgi | f/{�d v f/{�dk� q s vYo�q bjf z.z i � f ′(x1) � i f ′(xn) �dgiesgh�f�dwiji q s vYo�q i v ��dkb � i ��v {kf � � f(x1 − h) = f(xn + h) = 0 �
• Æ v skf/h(iji(dkdgi mpo�q�r dkf/b z/z.v {gijiÇi |�| sgb r {kf � ijiedkf/b q)� �j��{]f q d v s | b z b�f � i z.z i � i(dwi | f}{ �d v f.d xÀ� i z ij{ rjv�� i z.z iKf q d v s | b z bjf/h(i q�mpo�q�r dkf/b qc��v skf/h(iji(dwi q �

A�BDC�E:È�F�HDMLBNC,M

• �,ijs r ij{�d v�z.z iji qDmpouq�r dkf/b q f �]xjx s x dkd~� x f q d vY  sgi�i z f/i�� z f
h xez f q [a, b] ����i�h�i q b � ijf �q�vYq �ÃÉ¡f v�� i q�q f q �'f q d v�  swiji z f �]xjx sgf.d vYz/z}xjxeq�r ies rjv ij{�dkf(bedkdgi vYq¡� É¡f v�� i q�q f q { ou�N�

Â



� f vYq��
n−1
∑

i=1

f(ti)(xi+1 − xi)

sgi � i � iesghjb q i �Lr�o�q h xez f q [a, b] � i r b�i�b�{gi�h xez/v f/��f q [xi, xi+1] dgf.� v�q�q�v d xjxjq �j� x {k{ x
x1 = a � xn = b � i ti ∈ [xi, xi+1] � i = 1, . . . , n− 1 �

• � z.r b�b q dgi�ij{ xi+1 −xi = h � i = 1, . . . , n− 1 � i ��v s r � f(xi) ≡ fi ��Ê r {�f q�r�v s �dgief}{kf q i |�| skb r {kf � i�i(dgf.bNf q d v�  swiji z f z.z/v {ki�i � i�i q�r f/f q�q f�dkd xe�]xjz.z}x � z.z}x ti = xi �
∫ xn

x1

f(x) dx ≈ h

n−1
∑

i=1

fi

• ��ijs v���| f/i³i |�| sgb r {�f � ijiedkf/bjf.dgi ��x�x s x d~� z/z.v f q d vY  sgi�i z f z/z.v {gijiIf q d v s | b z b�f � i z.z impo�q�r dkf/bedwi f | i z bjf.d�dwief qy��x�x sgf�d vYz/z � z/z/xDmpo�q�r dgf.b z.z iy� r {Y� r i�i�h(i�� ° ���L�
l�� b�{ qi b(h(ied ° ��ij{�d v�vYq�| b z � q b ��v~� i � qi(x) = ai(x−xi)+ bi � {giji � iji qWq {Y�Ë�ÌuÍeÎÐÏ}Ñ�Ì�Ì�ÒuÒ
Ï.ÓjÔ(ÑgÑ «�« Ò ªÖÕ �

∫ xn

x1

f(x) dx ≈ h
n−1
∑

i=1

fi + fi+1

2
=
f1
2

+
n−1
∑

i=2

fi +
fn

2

¦
¨g©�ª¬«e�« ���,b � f}{~dwiN��bu� r iji�h(i�×
l�� b�{ f � xjx f q d v s | b z b�f � i�i q ÓjÔ ©�Øj¨ Ò (« Î�ÏÙÒ�Ú(ÎÐÏ o�z bjd�d o h�f z/z iºdgbjf}{ v�q ij{�d vYv�q| b z � q b ��v f z.z i � {giji � iji qPq {�� ® f ��| {�b q f q[r i�i�h�iu�

∫ xn

x1

f(x) dx ≈ h

3
(f1 + 4f2 + 2f3 + 4f4 + . . .+ 2fn−2 + 4fn−1 + fn)

• Û o���vYv skf q�v�q f q d vY  skb�f q dgf'b q b � iNdgief.d v�vYq�z i � f q {gi���� xe�]x b z f'h(ief q i z/r�o i��

Ü



In[392]:= f@x_D :=
x

1 + x2
; n = 21; Clear@tD;

t@1D = 0; t@nD = 4;

DoBt@iD = t@1D + Hi - 1L 
t@nD - t@1D

n - 1
, 8i, 2, n - 1<F;

h = t@2D - t@1D;
In[396]:= g@x_D := HFor@i = 1; gx = 0, i £ n, i++,

If@x ³ t@iD && x £ t@i + 1D, gx = f@t@iDD;
BreakDD; gxL

In[397]:= j = Interpolation @Table@8t@iD, f@t@iDD<, 8i, 1, n<D,
InterpolationOrder ® 0D;

In[401]:= g1 = Plot@8f@xD, g@xD<, 8x, t@1D, t@nD<D;
g2 = Plot@8f@xD, j@xD<, 8x, t@1D, t@nD<,

PlotRange ® 80, 0.5<D;
GraphicsArray @8g1, g2<D

Out[403]=
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• � b�{~dwief q {k����{�d x a�iedk� v�� i(dkf}¹Yi v f z i�{ r�vÁ| i z bjf.d�dwief q[�]x�x sgf�d vYz/z � q�mpo�q�r dkf/b q f q d vL�  swiji z f}iKbjf rjv f q �
k@x_D := ForBi = 0; kx = 0, i £ n, i++,

IfBx ³ t@iD && x £ t@i + 1D,
kx =

f@t@i + 1DD - f@t@iDD
h

 Hx - t@iDL + f@t@iDD;
BreakFF; kx

In[431]:= h NSumB f@t@iDD + f@t@i + 1DD
2

, 8i, 1, n - 1<F
h NSum@f@t@iDD, 8i, 1, n - 1<D
NIntegrate @j@xD, 8x, 0, 4<D

Out[431]= 1.40235

Out[432]= 1.35529

Out[433]= 1.44941

Ý
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• acbedgf.h(ijiedkf/b
l²v dw{�f x<| ijsgi �Wv dks v f z.z/v { v�z.z ief}{ v d^iesghjbjd �wv dkd x d v b�s v�v d�dgf quvYqÁ� i z/z feh(i�{~dwijit�ui�h(ief q��

dkb�ief q�v f}{�dkb�i
• ± {�f � � � f.dgi(dwiji qN� b q�r f qcv�z.v�r dksgb q f}{ v�q�r b ��| b q�v�q dgf qyz}xe| f r�o�z.r�v h(i�h�f.skdgi I { v�q|ux f ��vYq h xez f/{ vYq���xequq f�dkd v�vYq V mpo�q�r dkf/b q i�� � b�{�b z/v d v dwiji q^��v d�d x³r b ��| b q�v�q d�dkfq b ou� i(d�dwiji q �À� � f q�z i r f}i � V = RI � d v ��d x h xjqux b q]��x�x sgf�dkd x�x { v�z.z ief q�vYq s v {�f}{ �dgi q {k{kf q R iesghjb �'v d�d xympo�q�r dkf/b V (I) h(ij{�dgiji[�ui�h(ijf q dkb�ief/� v f}{�dkb�i (Vi, Ii) á Ô ©�âØ Í(ÎÙÎ�Ï}ÑwÏ áWá Ô(Ò © Ú  ÏÙÒ �
• ��i z � b qÁr�x ��d v d�d~��{�b(h�f.d o { ��vYq�v d v�z.�]x b q Ë�Ï ¨ ÒuÏ áWá « Ò�Ò ¨ ÎÐÏ Õ Ñ�Ì áWá ÔeÒ á ¨ Ò ¨Yª¬¨ Î á « �� z.r ���ui�h(ief q dkb�ief q�v f}{~dgb (xi, yi) � i = 1, . . . , n �L��f vYq f ����xjq�q�vYz f/��{ o���� i qÁ�Wv�q�vL�

d vYz/�]x {g{ xNv dw{�f.d x�xeq�mpo�q�r dkf/b f ��� b z/z/v
n

∑

i=1

(f(xi) − yi)
2

{ki�i | f v�q f ���]xeq ijskh�b q {gi�� ¥�o b � � ¨ Ï  Ô�Ô Ø Ï ª Ô�ã ¨Yª%ªÖ«,ä Ì�Ò�Ó ª ÏÃÍ f ÓeÌ�Î ÓeÏ}ÑwÏ�Ú ©�Ø�¨ Ò�Ó «�« ÒØ Ô ª ÔgË�Ï}Ñ ª¬¨w¨ ÒyÓ�Ô(Ì ª ª Ô �
• ± {�f � � f(x) = ax+ b ��a v s r �

S =

n
∑

i=1

(axi + b− yi)
2.

Æ v skf/hjb�f � i�i q d xe�]x a � qt� i b � q { o ��d vYv�qR� i�{ v d v dwiji qÁ��v sgf.h(ijiedgied q b z/z f r {�f � i<swi(d r ief}{~dwiji q
a � i b �

a =
nSxy − SxSy

nSxx − S2
x

b =
SySxx − SxSxy

nSxx − S2
x

,

� f}{g{ x Sx =
∑

xi
� Sy =

∑

yi
� Sxx =

∑

x2
i

� i Sxy =
∑

xiyi � ¦
¨g©�ª¬«e�« �» ij{ rjv �jb
� z i�{ r�o�q h xez f.h(ief/� v�v d�×
In[629]:= a = Table@8n, Prime@nD + Random@Integer , 8-2, 2<D<, 8n, 1, 10<D;

y = Fit@a, 81, x<, xD;
Show@ListPlot @aD, Plot@y, 8x, 1, 10<DD

Out[631]=
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• � b�{À�
i z/o dgi�i q b�skf   b q�r i o d�dgi r�o�z/rjv h�iy{ o bjswi ����v s r f�d xjxjq h(iji q f(x) = ax � iz i�{ r�v dgi�i q ��bu� z ij{ r�o�o�o
��v {�dgi�i q � ¦
¨w¨KªÖ« á «jæ
• ® b(h�f�d v d�dwi�h(i mpo�qur dgf.b]h�bjf |�v sgf/i�i(dkd v {g{giDb z.z i � f q�r(x��Do bjdkb�f q�v�q dwie�ui q {gi��
• ® b(h�f�d o�r { v�q ����h�����d�d x hjb�f � iji q � � i | f�d x f}{�f r f q �Àiesgh�f.b�f � i�dkf z i�{~dgb z/z f}{ v {�dkf ��� x {k{ xr�o sg{g{�f}{g{kiN{�f/f.� vYqyv f |�ouo d o dwi��

ç½èNC,éKJLêKMYX�E:BàF�Q�C^VÀQKMY\^E¡_`MLB[E:B

• a�i(dg� vY� i(dgf/¹�i z/z iNb quq f/{�d ouo i q i z ����d�dkf q�v�q ����d xjz ��f ��v�q swi(d r ief}{ o�r�x d v h x {~dgf%�
l a o bjdkb�i

anx
n + an−1x

n−1 + . . .+ a1x+ a0 = 0

b z/v h�f z.z iÇ����d xjz ��f z/z/x b q ief q i n r i |�| i z/v dkdgi¿� r b �W|uz.v�r {kf}{~dwi�� �~o�o s�dwi�� � b�{
n ≤ 4 � ����d xjz � z.z/v b q b z/vY� ij{g{giPë Ô ª Ó�Ô(Ï}Ñ�Ì�Ó�ÔjÔ  Ô �
In[638]:= SolveA9x2 + 2 y + 1 � 0, x + y � 2=, 8x, y<E
Out[638]= 88y ® 1 - 2 ä, x ® 1 + 2 ä<, 8y ® 1 + 2 ä, x ® 1 - 2 ä<<

l » f q�v ijiesgf}{�f}iD����d xjz ��sk��� � f x h�bjf � iji q swi(d r ijf/{�dgi z f q�v ijijskf}i z/ jv�ì sgi q]rjv f q b�f q �
Solve@8x + 2 y - 2 z � 1, -x + 2 y + 3 z � 2,

-2 y + 3 z � -1<, 8x, y, z<D
m =

1 2 -2
-1 2 3
0 -2 3

; b =

1
2

-1

;

LinearSolve @m, bD �� MatrixForm

Out[649]= ::x ® -
1

7
, y ®

5

7
, z ®

1

7
>>

Out[651]//MatrixForm=

- 1
7

5
7
1
7

• ��¥ i q�r i z i q��À� i z/z f}{�f z/z.v ����d xez �jf z/z.v���v {kf � � x = tanx � hjb�f � i�i q�v dg{kf xNz f r f �]xjx s x f �q�vYq swi(d r ijf/{ o �YíÁf/s � b�f�d v dwiji q ����d xez � �Do bjdkb�b q f(x) = 0 �Yí o���| f r f q { vYo swiji�h�f}{~dwi�Wv�q�v d vYz/� f/{�d x³q b � iji � bj�ub q�r f q i z/r�o iesgh�i o�r { v�vYq ����d xez � q sgied r ief}{ o�z.z/v ��� xj�]x
iesgh�i o {�h�bjf � iji q�v dg{kf x h(ief r�r i   swijieî
{ v {~dgf �jz.o�r�vY� i z/z i mpo�q�r dkf/b q�r�o h(iji � i�{~dwi � dwiefv � r(xNm ��{�f r iji z f}{�f z.z iWies  jo���vYq d v f z.z i��

• Û vYï dgb q f q���vYquv d v�z.�]x �'� z/r b�b q x0 i z.r�o ijskh(i o { � dw{Y� f(x0) b q f.dg{ v f}{giesghjb z dgi�i q� � f v�z.v�z.z}xjxjq � | f vYq f �
l ��f/f.sgs v d x�xeq�mpo�q�r dkf/b z/z/v dgi qu jvYq dkdkf | f}{~d vYv { v�vYq (x0, f(x0)) �

y = f ′(x0)(x− x0) + f(x0)

ð



l » i�{ r�v dwiji q dgi q� jv�q dgf qN� i x � i r { vYz f q�z.v f r�r i o { | f}{�d v x1 �
x1 = x0 −

f(x0)

f ′(x0)

l ��f/f.sgs v d x�xeqcmpouq�r dkf/b z/z.v dgi q� jv�q dkdkf | f}{~d vYv { vYv�q (x1, f(x1)) ��z i�{ r�v dwiji q dwi q�� jv�q dkf qN� i x � i r { vYz f q�z/v f r�r i o { | f/{�d v x2
� ���Y�

l Û x f q {giji � iji q�� b q b | ies vY��| f}iNijskh�f/bjf.dgi mpo�q�r dkf/b qyq b z.z i r bj� � i z.z/v �
x0, x1, x2, . . .

l�� b q b r ied r ief}{�dgiji q�| f}{~d vYv {k{ x xk
��r�ouq f(xk) b q f.dg{ v f}{giesghjb z dgi�i q sgf.f.d�d x h xjq| f vYq f �

l�� b�{ | f}{~d vYv { vYv�q (xi, f(xi)) | f/f.sgs v d�d~�ydwi q� �vYq d�dgf¶b qIz f/f/i q�z bjf/h(i � { vYo swiji�h(i| f}{~d v (xi+1, f(xi+1)) h�bjf�b z/z i r i our i q iNdgijs r ij{�dgiNswi(d r ijf/{ o {�dgi��
l Û v�ï dkb q f qy��vYquv d v�z.�]x�v fR{ o�|u|
v�q�v�vY|uxe� i(d r�o h ouo { r bj��dgi�i q �
l�� b�{ mpo�qur dgf.b z.z iKb q�| ief r i z/z f q�vYq]� f q f � f vYquq�vYq�q b z/z i r bj��dwiji � i z.  bjsgf�d � fuhjbjf��xjx���xW| �j�jsgf ��x�xeq d xe�]xeq[� f q f � f q � ��|ux skf z/z.v �
l�� b�{ mpo�q�r dgf.b�b q {kb | f.h(i z/z iDdwi�h(i z/z i�{k� ����v dgskf q�v�q[q b z/z i r bj��dwi q {giD{ o ��d v�vYqR�

i z/  b�skf.d � f'h�bjf ��xjx���xW| ���jsgf �]x�xeq�q b z.z i r bj� � i q � ��|ux skf z.z/v �
l�¥¡o b � �uÛ v�ï dkb q f qy��vYquv d v�z.�]x h(ijiedkf/f mpo�q�r dkf/b qc��v skf/h(ijiedgi q�z i�{ r�vY� f}{ v�q

c = 880, 1<, 81, 0<, 80.5, 0.3<, 81.5, -0.1<<;
t = Interpolation @cD;
y = 0.4; H*alkuarvaus *L
g@0D = Graphics @8Line@88y, 0<, 8y, t@yD<<D,

Text@x0, 8y, -0.05<D<D;
Do@
q@iD = t'@yD Hz - yL + t@yD; H*z on muuttuja *L
y = z �. Flatten@Solve@q@iD � 0, zDD;
g@iD = Graphics @8Line@88y, 0<, 8y, t@yD<<D,

Text@xi, 8y, -0.05<D<D;,8i, 1, 3<D
Show@Plot@t@zD, 8z, 0, 1.2<, PlotStyle ® ThickD,
Table@Plot@q@iD, 8z, 0, 1.2<D, 8i, 1, 3<D,
Table@g@iD, 8i, 0, 3<D, Ticks ® NoneD

Out[699]=
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• ò xez f q�|�o b z f.d o { ��vYq�v d v�z.�]x ��� z/r b�b q [a, b] h xez f ��� b qur i |uxjx d v�| f/{�d v f/{g{ x�mpo�q�r dgf.b f{ki�i v sgf �Wv s r�r f}{ v�q iesghjb q � f(a)f(b) < 0 ��� z/v d v dgi�i qR��v d�d x f b q�� ied r�o h(i �w� b z.z bjf qb q b z/vY� ij{g{ki x ∈ [a, b] � f(x) = 0 �
l » i�{ r�v dwiji qPmpo�q�r dkf/b q ijskh�bDh xez f qyr�v { r f | f}{~d vYv {k{ x�����v s r � x1 = a+b

2 �l�� b�{ f(a) � i f(x1) b(h(i(d v sgf �Wv s r�r f}{ v d ��mpo�q�r dkf/b z/z i�b q�q b z/z i r bj��dwi�h xez f z/z}x
[a, x1] � � b�{Ådgi�ij{ f(b) � i f(x1) b(h�ied v skf ��v s r�r f}{ v d ��q b z/z i r b���dgi�b q h xez f z/z}x
[x1, b] �
� z.v d v dgiji q d x {g{ xu��v dkd x f(a)f(x1) < 0 �l a v s r � x2 = a+x1

2
�^z ij{ rjv dgiji q f(x2) � iyh(i z f�dwiji q { v b�{ki�h xez f¡� [a, x2] dwief

[x2, x1] � �(� b q�r i |
xjx d vY| f}{�d v f}{g{ xDmpo�q�r dkf/b z/z i�b q[v sgf ��v s r�r f/{ v d:iesghjbjd��l � o b z f.d�dwi � i z/z i�dwies r ij{�d vYz dgi�h(iÀh xez f � b r iÁij{ rjvYz/vYv�z.z i � {giji � iji q¡� b q b�iesgh�f.b�f�dwimpo�q�r dgf.b q[q b z/z i r bj� � i z/z.v �
x0, x1, x2, . . .� b r ief q�vYq xi b q { vYz/z ijf/{ vYq h xjz f q�r�v { r f | f}{�d vj��� b z.z i f h�ijf.��dwiji �Wv s r�r f xjxeq^�� i � b qur i | f.d ouo {:b q (b− a)/2i−1

l�� b q b r i(d r ijf/{�dgi�i q �%i z/  bjsgf.d � f |uxjx d�d~����� ��r�o�q dwies r i�{~d vYz dgi�h(i q h xjz f qW| f�d o�o {b q dwies |
v�vYr {�f | f vYq f%�l ò xjz f q�|�o b z f�d o { ��v�q�v d vYz/��x[z �(��d xjx ief q i � b r b q b z.z i r bj� � i q dgijf vY|uxe� i(d r�o��
h o�o { r b�� � i q^� dg{���{ v { o�|�|�vYq�v�v ief q i �j�Do d�dgiKb q ��f.dgi�i ��| f r�o f q Û vYï dkb q f q��vYq�v d v�z.�]x �l²± fRh(i�i � f ��v skf/h(ijiedgi q[z ij{ rjvY� f}{~dwi��

c = 880, 1<, 81, -0.5<, 80.3, 0.5<, 80.7, -0.5<<;
t = Interpolation @cD;
a = 0.2; b = 0.9;H*alkuarvaukset a ja b*L
z = Ha + bL � 2;
g@0D = Graphics @8Text@"a", 8a, -0.1<D,

Line@88a, 0<, 8a, t@aD<<D<D;
g@1D = Graphics @8Text@"b", 8b, 0.1<D,

Line@88b, 0<, 8b, t@bD<<D<D;
g@2D = Graphics @8Text@x0, 8z, 0.1<D,

Line@88z, 0<, 8z, t@zD<<D<D;
Do@
If@t@zD > 0, a = z, b = zD;
z = Ha + bL � 2;
g@iD = Graphics @8Text@xi-2, 8z, -0.1<D,

Line@88z, 0<, 8z, t@zD<<D<D,8i, 3, 4<D
Show@Plot@t@xD, 8x, 0, 1<, PlotStyle -> ThickD,
Table@g@iD, 8i, 0, 4<D, Axes ® True, Ticks ® NoneD

Out[620]=
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• ò xez f q�|�o b z f.d o { ��vYq�v d v�z.�]xjx�r(x ��d v d xjxjqN� �j��� vY��� f q s vYo�q i � ijskh�b | sgb ìuz.v�vY� b �~v�qsgied r ief}{ v�� f/{ v {g{kiu� ®�v {kb | f.fR����h�f q[� b q�v�vYq b q� �vYz/� iji q �

°�°



¼½M�ôIE<F�E:BNC,MYQKQKJLM�õ]èNC,éKJYêÁC

• acb q f}i z.o b q�q b q f z/� f.��f�d xWr�o h�i�i � b q�r f q�z ijf quvYqy� f�ö v s vYq dgf/i�i z f.����d xjz �
l É¡i � f.b�i r dkf/f/h�f q�v�q �ui � b�i � f q�v�q �

dN

dt
= −λN

É¡ied r ief}{ o b qKvYr { | b q�vYq dgf/i�i z f/{ v {�dkf(h x � vYq�v h x:mpo�q�r dkf/bu� ¥ i � b�i � f}{ q b |�vYou��v�q�]xjx s x�x�© ÔÖ÷YÍ�Ô á Ï}Ñ  Ô�ÓeÏÃÍ λ �
l Û v�ï dkb q f qyz f.f rjv ����d xez �ed ��v {kf � ���uijs � b q f q�v�q b�{ r f z.z ijied�dgbjsgf%�

m
d2x

dt2
= −kx−mγ

dx

dt

� xe�]xjq sgied r ief}{ o b q h(ief ��vYq�v h�i�i]h x s x ��d v�z � x �u�,bjf q�v�q�v {kf ��v s r�r f%��a�iji qh v dkb(h�bjf � i q i z ief}{ o�ou��v {k{gi z f/f r�r�o h(i r i |�| i z.v���� b r i r b r�vYv h xjz f}ief q�v�vYq h�i�{ �d our { vYq �
mr

′′(t) = −G mM

|r(t)|3 r(t) − γ|r′(t)|r′(t)

� xe�]x h(ij{�dgi�i r b z/��v i r ��d rjv d�d~� x�� f.ö v s vYq dkf}iji z f/����d xez � x � x(t) � z.z/vj� y(t) � z.z/v� i z(t) � z.z/v �L�
l íÁf/sg¹w���ubeø qPz ief.d:h�f/skdgi | f.f/s v f/{g{ x h�bjf � iji q��Do bjdkb�f z/z i � f.ö v s v�q dkf}iji z f/����d xez �jf ���v�q i�h o�z/z i�� ± {kf � � » É �¬| f.f/sgf%�

L
dI

dt
+RI = V (t)

� b�{ | f/f.sgf}{k{ x b qIr�x�xe� f � i r b qu��v�q {ki�i(dkdkbjsgf � {kf z.z/v]r f.s � bjf.d v d�d o íÁf/sg¹w�u��beø qz i r f �Do f}{�d o dkdgiji�����h�f q[| i z � b q �uijs � b q f/{ vYq b�{ r f z/z iji(dkdkb�skf q�z f.f rjv ����d xez � x �
l²±�z f.� | b |�o�z ijiedkf/bjf ��vYq[r f z/| ief z/o

{

dN1

dt
= N1(α− βN2)

dN2

dt
= N2(γ − εN1)

� x {g{ x£r i r {kf | b |�ouz i�i(dkf/bedwiÁ�Ã{ o�o s o�ou��v d N1(t) � i N2(t) � r f z/| ief z/v h(i(d^{gi � i q� ��|ux sgf/{�dk� q s v { o sw{k{ v f}{~dwi����^b�f/{ vYqº| b |�o�z ijiedkf/b q�r i�{�h o h(ijs � b�{~dwijicdgbjf}{ v�q��vYq�v {~d~� � f}{~d x �
l í£h�i q d�dkf ��vYr iji q f}{ v dtdgb ��vYq�q
xer ��f/{k����{ � i r i o�� i(d��

h̄2

2m

d2ψ

dx2
+ V (x)ψ = Eψ

� xe�]x b q�v {�f ��v s r�r f � f�ö v s vYq dkf}iji z f/����d xez ��{�d xu� � b z/z i<b q Í á ÏÙÒ�Ô(Ï}ÑYÔ ë  Í ��Ê���d xez � qswi(d r ijf/{ o�q iW{ki�i � i�i q b � f q ief}{kijskh�b E � i�{�f.d x h(ij{�dgi�i�h�i mpo�q�r dgf.b ψ(x) �
ùÄú¡û¶ü~ýtý<þ�þ�ÿ�ú��^ú��uû,þ���û¶ÿ��	�

• Ê r {�f q�r�v skdgief}{�d vYq �p� z/vYv�q { x ÎÐÏÙÒ ¨ ÔjÔ ë Ï}Ñ ª¬¨ Ò � � f.ö v s v�q dkf}iji z f/����d xez �jf ��vYq i q i z ����d�dgf �q�vYq sgied r ief}{ o ��b�f�d o�o a�i(dg� vY� iedkf}¹Yi z/z i r(x d v h x {�dkf �
°�¸



In[86]:= p = DSolveAy''@xD + y'@xD � -2 x2, y@xD, xE
q = DSolve@8x'@tD + y@tD � a Exp@-tD,

y'@tD + x@tD � b Exp@-tD, x@0D � 0, y@0D � 0<,8x@tD, y@tD<, tD
r = 8a ® 1, b ® 2<;
Plot@Evaluate @8x@tD, y@tD< �. q �. rD, 8t, -1, 3<D

Out[86]= ::y@xD ® -4 x + 2 x2 -
2 x3

3
- ã-x C@1D + C@2D>>

Out[87]= ::x@tD ®
1

4
ã-t I-a + b + a ã2 t - b ã2 t + 2 a t + 2 b tM,

y@tD ® -
1

4
ã-t I-a + b + a ã2 t - b ã2 t - 2 a t - 2 b tM>>

Out[89]=
-1 1 2 3

-4

-2

2

4

• � b�{ � f�ö v s vYq dgf/i�i z f.����d xjz ��{k{ x�v {�f/f q d~��� n � q�q�v�qnrjv s�dwi z/o h o�q"��v sgf.h(ijied�dgb � i � { v�q� z/v f}{ v {g{ x sgied r ief}{ o {k{giDb q n h(i r f.bjdgiu��Û xe�]x h(i r f.bjd:hjbjf � i�i q��]xjx s x d x ë ¨ Ì�Ò�Ô ¨Yâ©�Ø ÍeÏÙÎÙÎ.Ô �
• ¥ ies � bjf.d our {kf}{k{gi v {�f ��v s r�r�v~��x �


 �������uÿkú��^ú���û�þ��,û¶ÿ����

• Æ�f.ö v s v�q dkf}iji z f/����d xez �jf ��vYq�q�o���vYv sgf}{ v�vYq sgied r ief}{ ouo�q b qÁ� b q f}i �Wv�q�v d vYz/� f x ��� x {g{ xr�o sg{g{�f}{g{ki v f r(x � �ux�� f.d x�xeqcq f/f}{~d x]r b(h�f q dwies r ij{�dkf z}xe| f � ± {�f.d v�z.z}xjxjqcq f.f}{�d x]v s x {� vYz/|�| bedgi �~o f q�vYqN� i�� z.v f/{ v {�dkf r(x ��d v d�d~�j�
• � Ï � ¨ ë ¨ Ò�ÑwÑ�Ï á ¨ Ò ¨YªÖ¨ Î á « ÑwÑ «y� f.ö v s v�q dkf}iji z f/����d xez ��{g{ x�v {�f/f q d~��h x d ��v sgf.h(i�i(dgied r bjs �h�iedgi�i q�z f r f �]xjx s x f/{kf z.z}xÅv skbjd o {kb�{gi �]x�x sgf z/z/x � r {�� r i |�| i z.v���v sgf.h�bjf q�q f}{~dwi����L��ies r ij{�d v�z��z i�i qPv {�f ��v s r f r {kf'�uies � b q f}{ v�q b�{ r f z.z ijied�dkb�skf qPz f/f r�v ����d xez � x �

d2x(t)

dt2
+ γ

dx(t)

dt
+ ω2x(t) = 0, � Ü �

� f}{g{ x ω2 = k/m �

° ·
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• �,ijs r ij{�d v�z.z iji q ����d xez � q � Ü �[sgied r ief}{ v�� f/{�dgi Ô(Î ÓeÌuÔ ë  ÍgË ë Í,+YÎ ¨w¨ á ÔeÒ�Ô � dg{��¡b z.v d vL�dgiji qR��v dkd x {k��{�d v�vY� f q dgf z i q�quv � | ief r�r i � i q b |
v�o {w��i z/o {k{gi�b q d o�q�quv d�d oR� dw{Y�
x(t0) � i x′(t0) b q d ouq�q�v dkd o �

• a o b � b�{�d v dgi�i q ����d xjz �c� Ü � | f}{~d v f}{k{ x ti � i = 1, . . . �
d2x(t)

dt2

∣

∣

∣

∣

t=ti

+ γ
dx(t)

dt

∣

∣

∣

∣

t=ti

+ ω2x(ti) = 0.

® f � b�f�d v dwiji q d x � xeq ����d xjz ��� q¢��v sgf.h(ijied�dgb �~vYq i |�| sgb r {kf � i�i(dkf/bedK����d xjz ��f/{�d x � ¸ �� i[� · �L�
xi+1 − 2xi + xi−1

h2
+ γ

xi+1 − xi−1

2h
+ ω2xi = 0, � Ý �

� f}{g{ x i = 1, . . . �
• ÊÀ��d xjz ��� Ý �Kb q ����d xjz � q � Ü � Ø Ï}ÑkÓ ë ¨LªÖÕ Ï ª Ú h v sg{kf.b � dg{�� � f.ö v s v�q dgf/i�i z f.����d xjz � x � Ü �h�i�{~dwiji�h(i Ø Ï � ¨ ë ¨ ÒuÑwÑwÏÙÚ ©�ª¬« Î Õ �
• ÊÀ��d xjz ��{~d x � Ý �thjb�f � iji q sgied r ief}{�dgi xi+1 xi � qN� i xi−1 � q[mpo�q�r dkf/b q iu�

(1 − γh

2
)xi−1 + (ω2h2 − 2)xi + (1 +

γh

2
)xi+1 = 0,

� b�{�dgi
xi+1 =

1

1 + γh

2

(

(2 − ω2h2)xi + (
γh

2
− 1)xi−1

)

��{ r f z.z ijied�dkb�skf q�| ief r�r i[� v d rjv�z.z}x ti+1
�]xjx s x ��d~���y{kf/f/{K{ vYq³| ijf r bjf}{~dwi r ij� ��vYz/z iief r ijf/{ vY��� i z/z iÀ� v d r�vYz/z/x ti � i ti−1 � � bjd�dgi�����d xjz ��h�bjf � iji q swi(d r ijf/{�dgi � b�{ r f z/z i�i(d �dkbjsgf q�| ijf r�r iWb q d o�quq�v dkdgi�h(i ÓjÔ ©�Øj¨ ÎÙÎ.Ô vYq {�f ����x f/{ vYz/z}x i � i q � v d r�vYz/z/x �

• Ê z/v f}{ v��W� f q � � b�{�����d xez ��{g{ x�v {kf.f q d~��� n � quq�vYq²r�v skdgi z.o h o�q²��v sgf.h(ijied�dgb � i � { vdgiesgh�f�dw{ v�v s vYouq i v ��dgbjf q i xi � q iesghjbjd n | f}{~d vYv {k{ x �
• µ { v f q i z.r�o�v ��dkb q i[i q�q�v dgiji q³r i |�| i z.v�vYq³| ief r�r i � i q b |�vYo {Ni z/r�o � v d rjv�z.z}x�� dw{Y�
x1

� i x′(t1) �
� xez/z ��f q hjb�f � i�i q�v {kf ��v s r f r {kf'i |�| sgb r {kf � b�f � i
x′(t1) ≈

x2 − x1

h
,

� b�{�dgi�{ki�i � i�i q x2 ≈ x1 + x′(t1)h �

° Â



In[62]:= n = 50; t@1D = 0; t@nD = 4 Π; h =
t@nD - t@1D

n - 1
;

Do@t@iD = t@1D + Hi - 1L h, 8i, 2, n - 1<D
Γ = 0.1; Ω = 1; x0 = 1; dx0 = 0;
x@1D = x0; x@2D = x@1D + dx0 h;

DoBx@iD =
1

1 + Γ h
2

 I2 - Ω2 h2M x@i - 1D +
Γ h

2
- 1  x@i - 2D ,

8i, 3, n<F
Φ@r_D = y@rD �. FlattenADSolveA9y''@rD + Γ y'@rD + Ω2 y@rD � 0, y@0D � 1, y'@0D � 0=,

y@rD, rEE;
Show@ListPlot @Table@8t@iD, x@iD<, 8i, n<DD,
Plot@Φ@rD, 8r, 0, t@nD<DD

Out[68]=
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°�Ü



eq = y''@xD + y'@xD � -2 x2;

n = 30; t@1D = 0; t@nD = 2; h =
t@nD - t@1D

n - 1
;

Do@t@iD = t@1D + Hi - 1L h, 8i, 2, n - 1<DH*reunaehdot olkoot y@0D�0 ja y@2D�1*L
w@1D = 0; H*merk. funktion arvoja w@iD*LH*arvataan funktion arvo toisessa pisteess ä*L
a = 0.2; w@2D = a;

DoBw@iD =
1

1

h2
+ 1

2 h

 
2

h2
 w@i - 1D +

1

2 h
-

1

h2
 w@i - 2D - 2 t@iD2 ;,

8i, 3, n<F
Print@"w@2D=", a, " => w@nD=", w@nDD;
j = 1; g@jD = ListPlot @Table@8t@iD, w@iD<, 8i, n<D,

Joined ® True, PlotStyle ® Hue@j � 10DD;H*toinen alkuarvaus välinpuolitusmenetelm älle*L
b = 0.5; w@2D = b;

DoBw@iD =
1

1

h2
+ 1

2 h

 
2

h2
 w@i - 1D +

1

2 h
-

1

h2
 w@i - 2D - 2 t@iD2 ;,

8i, 3, n<F
Print@"w@2D=", b, " => w@nD=", w@nDD;
j++; g@jD = ListPlot @Table@8t@iD, w@iD<, 8i, n<D,

Joined ® True, PlotStyle ® Hue@j � 10DD;H*alkuarvauksilla a ja b w@nD heittää eri suuntiin
halutusta arvosta . sovelletaan välinpuolitusmenetelm ää:*L

WhileBAbs@a - bD > 10-10,

z = Ha + bL � 2;
w@2D = z;

DoBw@iD =
1

1

h2
+ 1

2 h

 
2

h2
 w@i - 1D +

1

2 h
-

1

h2
 w@i - 2D - 2 t@iD2 ;,

8i, 3, n<F;
j++; g@jD = ListPlot @Table@8t@iD, w@iD<, 8i, n<D,

Joined ® True, PlotStyle ® Hue@j � 10DD;
If@w@nD > 1, b = z, a = zD;F

jmax = j; Print@"w@2D=", z, " => w@nD=", w@nDD
w@2D=0.2 => w@nD=0.47351

w@2D=0.5 => w@nD=4.36498

w@2D=0.240588 => w@nD=1.
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Show@Table@g@jD, 8j, 1, 4<D, g@jmaxD, Graphics @Point@82, 1<DD,
Graphics @Text@"y@2D=1", 81.85, 1<DD, PlotRange ® AllD

y@2D=1
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• � b�{Ks vYo�q i | f}{~d vYv dNb(h�ied � �ui q�r i z f}i ���^v {�f � ��{kf qu jo�z ijijskf}{�f}i | f}{~d v f.d x � q f � f.d�d x(��xjqq b z/z i r b���dwi£d � {Y� � � dwiefjs vYouq i v ��dgbjf q i:i quq�v dwiji qÁmpouq�r dkf/b q Ô(ÑwÚ á Ë ª Í�Í ª ª ÏÙÒ ¨ ÒNÓ « Ú ª âª¬« Ú ª Ú á ÏÙÒ ¨ Ò v {kf � � xjx s v d�dk� � ��� ��v {g{ x dgijfebjsgf   b�{g{gi �wv f v���vYz/z}x<r�o h�ied�d o��Wv�q�v d vYz/�]x
h xjz dkd xj��x d�d x b z/z.v�q�r iji q dkb�f � f �Y�¶ies vY��| f�dwi | i<b qÁz.o b � i<��sgf�d vLmpo�qur dgf.bjd r�o���| iji q�r f qs v�o�q i | f/{�d v�v { vYvYq�v sgf r { vYv�qD� i]{kb(h�f�dkdgiji quxj��x ijskh(i our { v d<����d vYv�qW� b�{g{kijf q h xez f |��
f/{�d v�v {g{ x �

• � xez/z ijf/{kf/iD����d xez �jf.d xNr i q�q ied�dwijiDd o d r f}i�i q i z ����d�dgf/{ v {�dkf ��v {kf � ��{gies � i r�v ��f.d v�z.� f vYqi�h ouz.z i��
• � z.r b�b q ����d xjz � �Do bjdkb�i

y′′(r) + 2
y(r)

r
− y(r) = 0 � å �

� iPs vYo�q i v ��dgbjf q i�i quq�v dwiji q^�
v d�d x y(0) = 0 � i y(10) = 10−4 ��a o b � b�{�d v dgiji q����d xez � x � å �£h(ij{�dgi�i�h(i � f.ö v s vYq {g{�f/����d xez �u�
yi+1 − 2yi + yi−1

h2
+

(

2

ri
− 1

)

yi = 0, � ð �
dg{��

yi+1 =

(

h2 + 2 − 2h2

ri

)

yi − yi−1, � ñ �
� f}{g{ x yi = y(ri) � i 0 ≤ ri ≤ 10 ��É vYouq i v � � bjf}{�dgi�{giji � iji q {kf/f/{ y1 = 0 � i
yn = 10−4 �

• <¡sgh�iedgi�i q³mpo�q�r dgf.b q)��v skf/h(iji(dkdgi r�o���� ij{g{gi r f q s v�o�q i | f/{�d v�v {g{ xu� dg{��¶iesgh�iedgi�i qmpo�q�r dkf/b q iesghjbjd y2 � i yn−1 � » x � ��v d xjxjq swi(d r ief}{ v�� i�i q ����d xez � x � ñ � z/x ��dgf v�qr�ou�W� i z dwi r f q s vYo�q i z dgi � i:{�b(h�f.d v dgiji q swi(d r ief}{ o dR����d v�vYqt� b�{g{gi r f q h xez f | f/{�d v�v {g{ xu��Wv s r � rm ��íÀbj��dkf�bjsgf   b�i r�o�z �~v dkdgi v {k{gi:����d xjz ��{~d x � ñ �'d x ��d~���Àswi(d r ief}{~dwi yi−1 yi � q� i yi+1 � qPmpo�qur dgf.b q i��
yi−1 =

(

h2 + 2 − 2h2

ri

)

yi − yi+1, � °�ó �

° å



H* merkitään r@mD:llä sovituspistett ä *L
m = 30; y@1D = 0.0; a1 = 0.09; y@2D = a1;

DoBy@iD = h2 + 2 -
2 h2

r@i - 1D  y@i - 1D - y@i - 2D,
8i, 3, m<F;

y@nD = 10.0-4; b1 = 1.7 * 10-4; y@n - 1D = b1;

DoBy@iD = h2 + 2 -
2 h2

r@i - 1D  y@i + 1D - y@i + 2D,
8i, n - 2, m + 1, -1<F;

Show@ListPlot @Table@8r@iD, y@iD<, 8i, 1, n<DD,
Graphics @Line@88r@mD, 0<, 8r@mD, y@mD<<DD,
PlotRange ® AllDH* a1:n ja b1:n arvoja muuttelemalla funktiosta

saadaan Hannetun resoluution rajoissa L jatkuva
ja derivoituva *LH* huom. funktion arvojen absoluuttista suuruutta

ei tiedetä -- sitä varten täytyisi olla lisäehtoja,
esim. funktion integraalille yli tarkasteltavan
välin*L
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MY = B � °j° �

� f}{g{ x Y = (y1, . . . , yn) � M b q ����d xjz ��sk��� �]xeq]r�v sgskb�f qu� iedksgf.f}{kf �Y� i B b q h vYr��
dkbjsgf ��� b r i�{�f}{ xjz d xjxÁ� h(i r f/bed � �

• ± {�f ��v s r�r f qux ����d xez �
y′′(x) + y′(x) = x � °�¸ �

É¡i(d r ijf/{�dgi�i q d xe�]x�| f/{�d v f/{g{ x xi
� i = 1, . . . , n � s v�o�q i v � � b�f z/z i y(x1 − h) = 0� i y(xn + h) = 1 ��� x d x h(ij{�dgi�i�h(i � f.ö v s vYq {g{�f/����d xez �Wb q �pb�{kbjf.dgiu× �

(

1

h2
+

1

2h

)

yi+1 − 2yi +

(

1

h2
− 1

2h

)

yi−1 = xi � ° · �
°�ð



r�ouq i = 2, . . . , n− 1 ��í o�q i = 1 � {ki�i � i�i q
(

1

h2
+

1

2h

)

y2 − 2y1 = x1 � ° Â��
� i r�o�q i = n �

−2yn +

(

1

h2
− 1

2h

)

yn−1 = xn − 1

h2
− 1

2h
� °�Ü �

nn = 100; x@1D = 0.0; x@nnD = 2.0; h =
x@nnD - x@1D

nn - 1
;

Do@x@iD = x@1D + Hi - 1L h, 8i, 2, nn - 1<D;
A = TableBSwitchBi - k, -1,

1

h2
+

1

2 h
, 0,

-2

h2
, 1,

1

h2
-

1

2 h
, _, 0F,

8i, nn<, 8k, nn<F;
B = TableBIfBi � nn, x@iD -

1

h2
+

1

2 h
, x@iDF, 8i, nn<F;

xx = LinearSolve @A, BD;
q@p_D = r@pD �. Flatten@DSolve@8r''@pD + r'@pD � p,

r@0D � 0, r@2D � 1<, r@pD, pDD;
Show@Plot@q@pD, 8p, 0, 2<D,
ListPlot @Table@8x@iD, xx@@iDD<, 8i, nn<DDD
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• ± {�f ��v s r�r f qux<� f.ö v s v�q dkf}iji z f/����d xez ��{�d x�� � b z.z i<b q b � f q ief}{giesghjb � dwies r i�{~d vYz/z i�i qÀr h(i q d �dkf �Wv�r iji q f/{�dgi ® ¹w��sg� � f q� jv skf q ����d xjz � x��
− h̄2

2m
∇ψ(r) + V (r)ψ(r) = Eψ(r)
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� xe�]xeq ����d xjz � q sgied r ief}{ ouq i¢{giji � iji q Ô�Ô(Î ª Í ä Ì�Ò�Ó ª ÏÃÍ ψ � i v�q�v s   f}i E �<ò v d~� �
i(dkb � f qÁvYz/vYr dgskb q f/i r�o h(i�i ® ¹w��sg� � f q� �v sgf q ����d xjz �K� v sgf r bjf}{~dwi | i o {��jb
�Y����d xez ��{�d x �

−y′′(r) − 2

r
y(r) = Ey(r), � °�Ý �

� f}{g{ x r b q³| i z/z b r b�bjs � f q ijiedkf}{~dgb q swi � f/i�i z f �No�o d�d o(� i � r ≥ 0 �R� x {g{ xP| bed vYq dkf �iji z f'b q {kf.f}{ vYz/vYr dksgb q f qN� i | sgbedkb q f q { x � r �jf}{ v {~d x h o b�skb(h(ijf r�o d o�r { v {~dwi � bj��d o h(iJ b o�z b �Nì f qÇ| bed vYq dkf}iji z f �
� b r i�b q�r(xjxjq d xev�q h v sgswi q�q b z.z f q�vYq h(ieswi(dkd o(�~v�q�r i |��| i z/v f ��vYq[v d x f}{�����d v�vYq �
• ±�z.v�r dksgb q f}i r�o h(iji�h(i�iji z dgb mpo�qur dgf.b]b q ψ(r) = y(r)/r � iP{kf.f.d x h�bjf � iji qyz i�{ r�v ivYz/vYr dksgb q f q dgb ��vYq�q
xer ��f/{k����{ � i r i o�� iK��dkf ��vYq � ��|ux sgf z/z}x �
• ¥¡o b � ������d xjz �c� å �tb q[v sgf r bjf}{�dgi | i o {£����d xez ��{�d x � °�Ý �
• <�i z dkb mpo�q�r dkf/b q i�{�� ��| dgb�bjd�dgf/{ vYz/z.v�r�x ��dkd x ��d~� � f}{ vYz/z.v h�bjf � iji qÀ� b���dgiji�{ vYo sgi�i�h�iedv � � bjdK� r(x � ��xjxjq dwies rjvY��� f qPz}xe| f r h(i q dkdkf �Wv�r i q f/f r i q�r�o sw{k{ v f}{g{ki����

i�� z}x � v�z.z}x bjsgf   b�i y r(x ��dkd x ��d~��� r�o d v�q c1r
ì � r i o�r i q i³bjsgf   b�{�dgiº� x�x s v d�dg� � ��� ��v {k{ x � y r(x ��d�d x ��d~��� r�o d vYq c2e

−
√
−Er

�p� o b � �jb � f q ief}{giesghjb E b q�q�v�  i(dgf.f/h�f quvYqLK d xj�]x<� bj��d ouo J b o�z b �Nì f q]| b �d v�q dkf}iji z f q�q b z.z i(dwij{kb q h�i z f q�q i�{~dwi��
l�¥¡o b � � q�ou�Wv�v sgf/{kf}{k{gi�sgied r ief}{ o f/{g{gi v f�hjb�f � i �Wv�q�qux[xjx s v d�dk� � ����d v�vYqR�(� ibjsgf   b�b q d x {k{ x dgi | i our { v {g{giN{kf qu jo�z ijijskf q�vYq[| f}{~d vj�j� bed v�q �jb
��s v�o�q i v � � bjdhjb�f � iji q d o�z/r f�dwiÇ{�f.d v�qR�¶v dkd x y(r0) = c1r0 �¶� f/{g{ x r0 b q�� b r f qÇ��| f vYq f ��Douo d�d o(� i q ijskh�b ��� i y(r∞) = c2e

−
√
−Er∞ �u� f}{g{ x r∞ b q�� { ouo skf � �

• ò�i r f.bjd c1 � i c2 �]xjx s x ��d~��h x d Ò�Í ë�á Ï ª Ì�Ó(Ñ ¨ Ñ ª Ô � r {�� � �j��� vY��� f q �
• Û xe�]x s vYo�q i v � � bed �]xjx s x�x h x d r(x ��d xjq�q ��{k{ x�mpouq�r dkf/b q iesghjb q ÷YÔ�Ñ ¨ Ò Øj¨ ë Ï  ÔjÔ ª Ô(ÒÔ ë  Í(Ò r ij� ��v {k{gi | f}{~d vYv {g{ x �(Ê z.v f/{ v {�dkfud xez/z ief}{ v�z.z i | sgb ì�z/vYv�� i z.z i v f
b z/v sgied r ief}{ o i� q�v�z ��xWv ��dgb�i ¸ ��i�{~d vYvYqy� f.ö v s v�q dkf}iji z f/����d xez � z/z.v ���
• É¡i(d r ijf/{ o(� i]b q b z.v�� i�{k{gi  Ô(ÏÙÒ ª Ï ¨Lª Ú(ÏÙÎÙÎ «NM~Ø Ï}ÑkÓ ë ¨w¨LªÖ¨ ÏÙÎÙÎ «PO ËuÔ ë Ô á ¨Yª ë ÏÙÒ E Ô ë  Í(ÏÙÎ âÎ.Ô ��Û¡f/f�d x E � q iesghjb � i ��� bjf z.z/v swi(d r ijf/{ o(� iWb q b z.v�� ij{g{ki ��r�o dg{ o dgi�i qy| sgb ì�z/vYv�� i qÍ á ÏÙÒ�Ô(Ï}ÑYÔ ë  ÍeÏ.Ó�Ñ�Ï �
• ��skb ì�z/vYvY� i q swi(d r ijf/{ o�v d vYquvYv { v�o swiji�h(ij{�dkf<�ph�skd�� r ie� ��vYqI| f/{�d v�vYq s v�o�q i � ijskh�b �| skb ì�z/vYvY� i q swi(d r ijf/{ o ���
• � i v dgi�i q dgijs r i�{~d vYz dgi�h(i]h xez f r ij��dgf/iu� I0 = [r0, ri] � I∞ = [ri, r∞] ��� f}{k{ x ri b q� {kb | f/h(ij{�dkf�h(i z f�dkd o�� ÑYÍ  Ï ª Ì�Ñ Ë�Ï}Ñ ªÖ¨
• QÀë  Ô ª Ô�Ô(Ò E R ÎÙÎ ¨ ÷YÍ�Ó(ÏÙÒ³Ô ë  Í
• É¡i(d r ijf/{�dgi�i q ����d xez �¢� °�Ý �Ái z/o�v�v {g{ki I0 z}x ��dgf v�q s v�o�q i v � � b�{~dwi[i�� ��� i�i z/o�vYv {k{gi
I∞ z}x ��dgf v�q s vYo�q i v � � bjf}{~dwi ì ���
a v s r f.d x�xeq sgied r ief}{ oe� i y0 � i y∞ �

• � b�{Dswi(d r ijf/{ o�mpo�qur dgf.bjd y0 � i y∞ {kb | f/h(i(dN����d v�vYq)| f/{�d v�v {g{ x ri �¶r ��{ v f q�v�q E � qiesghjbKdgb ��vYz/z i r f q b q ����d xez � q b � f q ief}{giesghjbu�
l ¤ ouq�r dkf/bed � {kb | f/h(i(d�����d v�vYq����Y� b�{ mpo�qur dgf.b�f ��vYq ijskh�bed ÷YÔWÒ
ÏÙÏ Øj¨ Ò Øj¨ ë Ï  Ô�Ô ª ª Í â÷ ¨ ÒIÔ ë  Í ª d x { ��x�x h x d | f/{�d v�v {g{ x r1 �

¸jó



l � xe�]xWv ��dgbWh�bjf � iji qP�No bedgbjf z.z i�{ v�o sgi�i�h(ij{�dkf �
y′0(ri)

y0(ri)
=
y′∞(ri)

y∞(ri)
,

� f r(x�� ij� � b z/z f/{�dgi�i�{ v�qR�jv d�d xKvY� �jh(i r f/bed c1 � i c2 h�bjf � iji q h�i z f.dgi � f vYz f/h �
i z dgijf/{ v {�dkf�swi(d r ief}{ o�q i z/o {g{kiu�e�^b�f quvYq�q f/f/{�d x��]xjx s x ��d~��� mpo�q�r dkf/b q y � i(d r�o��
h o�o { v � � b�{�dgi ��� iNdgbjf q�vYqyz b |�o�r {kf q bjs � f�d o�r { v {~dwi��

• � b�{ y0 � i y∞ ¨ Ï �«eª ÑYÍ  Ï�Ú ©�ªÖ¨g¨ Ò � iesgh(i(dwiji qÁo�o {�f E � q iesghjb � i�sgied r ief}{�dgiji q ����d xez �o�ou��v�z.z/vYv�q ��� � f q ief}{giesghjb qWv dw{�f � f quvYq h�bjf � iji q dgbed vYo dkdgiji v {kf � ��h xjz f q�|�o b z f�d o { ��Wv�q�v d vYz/�]xez/z/x �
l � � f q ief}{kijskh�b q�v dg{kf � f q�vYq hjb�f � iji q d o�z/r f�dwi mpo�q�r dkf/b q

∆(E) =
y′0(ri)

y0(ri)
− y′∞(ri)

y∞(ri)

q b z.z i r bj� � i qÀv dg{kf � f}{ v�r {�f �Ya�iedk� v�� iedkf}¹Yi z.z itb qÁr(x d v h x<q f |uo d�dwiji<swi(d r ijf/{ o�| sgb�{ �v {g{kf mpo�q�r dkf/b r {kf%�
In[735]:= Ε1 = -0.9;

q0 = Flatten@NDSolve@8eq �. Ε ® Ε1,
y@r0D � f0@r0D, y'@r0D � f0'@r0D<,

y@rD, 8r, r0, ri<DD;
y0@r_D = y@rD �. q0;
q¥ = Flatten@NDSolve@8eq �. Ε ® Ε1,

y@r¥D � f¥@r¥D �. Ε ® Ε1, y'@r¥D � f¥'@r¥D �. Ε ® Ε1<,
y@rD, 8r, ri, r¥<DD;

y¥@r_D = y@rD �. q¥;

ShowBPlot@y0@rD, 8r, r0, ri<D,H*skaalataan y¥@rD, jotta kuvaaja olisi
havainnollisempi *L

PlotB y0@riD
y¥@riD  y¥@rD, 8r, ri, r¥<F,

PlotRange ® All, AxesOrigin ® 80, 0<F
PrintB"DHΕ1L = ",

y0'@riD
y0@riD -

y¥'@riD
y¥@riD F

Out[740]=
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DHΕ1L = -0.381443
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In[756]:= Ε2 = -1.2;
y0@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε2,

y@r0D � f0@r0D, y'@r0D � f0'@r0D<,
y@rD, 8r, r0, ri<DD;

y¥@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε2,
y@r¥D � f¥@r¥D �. Ε ® Ε2, y'@r¥D � f¥'@r¥D �. Ε ® Ε2<,

y@rD, 8r, ri, r¥<DD;
ShowBPlot@y0@rD, 8r, r0, ri<D,
PlotB y0@riD

y¥@riD  y¥@rD, 8r, ri, r¥<F,
PlotRange ® All, AxesOrigin ® 80, 0<F

PrintB"DHΕ2L = ",
y0'@riD
y0@riD -

y¥'@riD
y¥@riD F

Out[759]=

2 4 6 8 10

0.1

0.2

0.3

DHΕ2L = 0.57066

In[742]:= D@e_D := ModuleB8<,
q0 = Flatten@NDSolve@8eq �. Ε ® e,

y@r0D � f0@r0D, y'@r0D � f0'@r0D<,
y@rD, 8r, r0, ri<DD;

y0@r_D = y@rD �. q0;
q¥ = Flatten@NDSolve@8eq �. Ε ® e,

y@r¥D � f¥@r¥D �. Ε ® e, y'@r¥D � f¥'@r¥D �. Ε ® e<,
y@rD, 8r, ri, r¥<DD;

y¥@r_D = y@rD �. q¥;

y0'@riD
y0@riD -

y¥'@riD
y¥@riD F

In[761]:= D@-0.9D
D@-1.2D

Out[761]= -0.381443

Out[762]= 0.57066

• í o�q b q�z �(� ��v dkd~� r i r {kfRi z/r�o iesgh�i o {�dgi � E1
� i E2

� b�f z/z/v ∆(E1) � i ∆(E2) b(h(iedv sgf ��v s r�r f/{ v d � h�bjf � iji qPv dg{kf x dgijs r�vY��| f'swi(d r ijf/{ o h xjz f q�|�o b z f.d o { ��vYquv d v�z.�]xjz.z}x �
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In[763]:= e1 = -0.9; e2 = -1.2;
i = 1; e@iD = He1 + e2L � 2;

In[765]:= WhileAAbs@e1 - e2D > 10-6,

If@D@e@iDD D@e2D < 0, e1 = e@iD, e2 = e@iDD;
i++;

e@iD = He1 + e2L � 2;E
In[767]:= e@iD
Out[767]= -1.

• É¡i(d r ijf/{ o�mpo�qur dgf.b y {giji � iji qPq ��d<swi(d r ief}{ v�� i z.z iN����d xez �y� °�Ý � E � q iesghjb z.z i −1 �
Ε0 = -1.0;
y0@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε0,

y@r0D � f0@r0D, y'@r0D � f0'@r0D<,
y@rD, 8r, r0, ri<DD;

y¥@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε0,
y@r¥D � f¥@r¥D �. Ε ® Ε2, y'@r¥D � f¥'@r¥D �. Ε ® Ε0<,

y@rD, 8r, ri, r¥<DD;H* �; mahdollistaa paloittain määritellyn funktion
määrittelyn , esim. f@x_D:=x2�;x>0 *LH* määrittely f@x_D:=x2 pätee, kun �;-merkin jälkeen
kirjoitettu ehto on voimassa *L

Η@r_D := y0@rD �; H0 £ r && r < riL
Η@r_D :=

y0@riD
y¥@riD  y¥@rD �; Hri £ r && r < r¥L

Show@Plot@Η@rD, 8r, r0, r¥<D,
PlotRange ® All, AxesOrigin ® 80, 0<D

Out[779]=
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• Û¡bjs � f�d o {��R�pb z/v d v dwiji q^��v d�d x iji z dgb mpo�q�r dgf.b q iesghjb v f^skf/f |uo�r�o�z/� i �Douo d�d o(� f/{�dgi��
∫

V

|ψ(r)|2dV =

∫

Ω

dΩ

∫ ∞

0

r2|ψ(r)|2dr = 4π

∫ ∞

0

y(r)2dr = 1 � ° å �
a v s r f�d xjxeq

y(r) =

{

c1y0(r) 0 ≤ r < ri
c2y∞(r) ri ≤ r ≤ r∞

¸ ·



� b z/z b�f q
1

4π
=

∫ r∞

r0

y(r)2dr = c21

∫ ri

r0

y0(r)
2dr + c22

∫ r∞

ri

y∞(r)2dr

= c21

(
∫ ri

r0

y0(r)
2dr +

c22
c21

∫ r∞

ri

y∞(r)2dr

)

≡ c21N

ò�i r f.b�f ��vYq c1 � i c2 { o � ��v¶��x�x s x ��d~��� � ied r�o h o�o { v � � b�{�dgiu� c1y0(ri) = c2y∞(ri) �� b�{�dgi
c2
c1

=
y0(ri)

y∞(ri)

� q d vY  sgi�i z f N hjb�f � iji q�q ��d z ij{ rjv iD��bu������d xez ��{�d xu��� b z/z b�f q
c1 =

1√
4πN

• ò�iesw{�f q ief q�v�q iji z dgb mpo�qur dgf.b�b q
ψ(r) =

y(r)

r

n = NIntegrate AHΗ@rDL2, 8r, r0, r¥<E;
g1 = PlotB Η@rD

4 Π n r
, 8r, r0, r¥<,

PlotRange ® All, Filling ® AxisF;
g2 = Plot3DB ΗB x2 + y2 F

4 Π n x2 + y2
, 8x, -r¥, r¥<,

8y, -r¥, r¥<, RegionFunction ®

Function A8x, y<, x2 + y2 < r¥2 && x2 + y2 > r02E,
PlotRange ® 80, 0.5<F;

GraphicsArray @8g1, g2<D

Out[812]=
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