763654S HYDRODYNAMICS Solutions 6  Autumn 2011

1. Derive the formulae: a) [ fdS = [, VfdV, and b) [, A;;dS; = [, a{;;;j dV. [Hint: Mul-
tiply by a constant vector and use the divergence theorem.| Solution: The (Gauss’)

divergence theorem states:
/A-dS:/V-AdV, (1)
s 14

/ AydS; = o4 . (2)
S

or in the component form

v Oz

a) (Version 1) If we choose A; = f Vi,i.e. A = fi+ fj+ fk, then, using eq. (2), we
get seperately for each component 7 that

/ fdS; = 8931

which can be further written in the vector form as [, fdS = [, VfdV..
(Version 2) Let’s multiply f with a constant vector e, for this vector

/S(fe)-dS:/VV~(fe)dV:/Ve-(Vf)dV

Now, we choose first e = %, then e = 5 and for the last e = k. This procedure gives
the end result [, fdS; = [, % av.
b) (Version 1) Let vector A® = (4;;, Aip, Ai3). Now

. . A
/Aijdsjz/A@)-ds@/V-A@)dvz 0 Y4V, Vi,
S S 1% Oz

(Version 2) Let’s multiply tensor A;; from left by a constant vector a;, then we are
left with vector b; = a;A;;. For that

/Awds _/aZAUdS _/b ds; _/b-dS
S

/v bdV = /a<a’4 )dV:ai/aA” AV
a Vaxj

One must notice that there is a summation over ¢ in the above relation, thus simply
dividing by a; is not allowed. Though, the above relation holds for every constant
vector, thus we can first choice a; = (511, then a; = d9; and for the last a; = d3;, after
which the relation [ A;;dS; = fV I“ dV is proved for all i.




2. A gutter is in the form of half a cylinder and is full of water (see figure).
a) Prove, by integrating surface forces, that the total force on the gutter is equal to the
weight of water in the gutter.
b) Calculate the moment, about the lowest level of the gutter, of the surface forces on
the half of the gutter on one side of this lowest line.
c¢) Calculate the force on one half of the gutter.
Solution:

We consider the case in the ry-plane and neglect

0
the z-direction. f \

Surface element is dS = —adfr (pointed from A
the solid into the fluid), where @ is the radius

of the gutter. The pressure is p = py — pgy =

Po—pgasin @ (pressure increases with decreasing dF

y)- p

a) (Version 1) The force per surface element is found from dF; = 0;;dS; = —pdS;. The
total force on the gutter is found by integrating over the surface S of the gutter

F:—/pdS:—/VpdV:—png:—ng,
S v

which equals the weight of water in the gutter. In the integral above we have used
the result of exercise 1 a).

(Version 2) The force per surface element (dS = dSth = dST and dS = adf) is found
in a point (a,#) from

dF = —pdST = —pgr sin fadf(cos 0% + sin 0y )
= pga’df(— sin 0 cos % — (sin 0)y)

To get the total force F', dF is integrated over the surface of the gutter:

2m 2m
F = / dF = pgaQ/ (— cos @ sin 0% — sin® 0y)dH = —pgazgy,
Taking into account the depth [ of the gutter the total force is
F = —gpazgly = —gMy.

b) (Version 1) Next we calculate the moment about the lowest point, P, of the surface
forces on the left side of the gutter. From the figure, distance PA = —a cosf, and
|dF| = —pga®sin 6df. Thus the moment is

3m/2 1
— / pga’sinf cos df = §pga3.
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(po has been neglected as irrelevent.)
(Version 2) The moment dT" has general definition: dT' = r x dF'. The vector r is
the radius vector from the point P to the point where force dF' acts.

r =acosOX + (a + asind)y dF = pga®df(— sin 0 cos 0% — sin” 6Y)
r x dF = 2pgadf sin § cos 0

The total moment with respect to the point P from the right hand side of the
gutter:

3m/2 3m/2 1
T = / dT = pga3/ Zsin 6 cos 0 df = épgaQZ (3)

™

¢) The force on the left half of the gutter is, (neglecting the air pressure py)

3m/2
F:—/pdS:/ pa dor
S m

3m/2 1 T
= —pg/ a? sin f(cos 0% + sin 0y) df = —pga® (Ei + Zy) .

3. The starting point for studying tides is to consider the Earth and the Moon circulating
around their center of mass with angular velocity 2. Tides are caused by the effect of
the Moon’s gravitational potential ¢, = —ym/r’ (where 7’ is the distance from Moon’s
center) on the surface of the Earth.

'\

y M and m are the masses of the
Earth and the Moon, respec-

tively, and d is the distance be-
M \ x tween the centers of the Earth
> \ and the Moon.

Moon Earth

) The rotation

Center of mass / axis of the Earth-Moon system
d is perpendicular to the x—y
plane.

a) Determine the distance [ of the center of mass from the center of the Earth.

b) Express the potential ¢, as a function of x, y and =z.

¢) By expanding ¢,, in Taylor series up to second order in x/d, y/d and z/d, and
neglecting all constant and higher-order terms show that

 @°

= Lre— (2% —y? = ) (4)

d) We now argue that the term linear in x in (4) causes the centripetal acceleration
that keeps the Earth at constant distance from the center of mass. Show that this
leads to the condition Q2d® = ~(m + M).

e) Take into account also Earth’s gravitational potential near the surface ¢. = gh.
(Here h is the height and the g can also be expressed as ¢ = yM/R? where R,

Pm

3



is the radius of the Earth.) Using this together with the quadratic terms in (4),
express the condition for the sea level in hydrostatic equilibrium, and calculate

numerically the maximum height of the tide.

equilibrium severely underestimates the tide near coastlines.

especially the Sun, contribute to tides.)

(Warning: assuming hydrostatic
Also other bodies,

Solution: \
Moon Earth y
m r’

’9 r

r M\ X

v

N
Center of mass

d ) [

a) The relations between vectors in the figure are

N

vy

<
<

/

r' = di+r=(d+x)i+yj,
" = li+r=(l+2)i+yj
The center of gravity is at distance
l_M-Oerd_ m
M4+ m o m+M

from Earth (I ~4565 km, i.e. it is actually inside Earth).
b) Writing 7’ in terms of z, y and z, we get

P _ame ym
" r! V(d+2)2+y2 + 22
ym 1

d T+ 22/d+ 2@+ PR+ 2P
¢) Using the expansion (1 + m)_% =1- %x + %ﬁ — ... we get the potential
vm—l 1 2x+x2+y2+22 +3 2x+$2+y2+22 2
d 2\ d d&* & & 8\ d d&* & @&

P

ym 2rzd+ 2 +y* +22 3 (2 2
= a |t 28 Ts\a) | T
1z 22%—y?— 22
= —’ym(a—E—FT)—FOg.



Neglecting the constant and O3 terms, we get

d) Argue that the linear term in z in (4), in other words ymaz/d?, causes the cen-
tripetal acceleration. The potentials are ¢l = ymz/d? and ¢q = —%Q%Q. The
corresponding forces are

F, = -V = —ym/d%
FQ == _V¢Q :Qzl‘i

The total force at the center of the Earth (x = 1) is

__(am 2 M .

This must vanish for Earth to stay in orbit, which leads to

ym 5, m
— = 1 d
d? m+ M

= Q*d® = y(m+ M).

e) Earth’s gravitational potential near the surface is ¢. = gh = yMh/R?, where R,
is the radius of the Earth. Taking into account the quadratic terms in ¢,,, the total
potential is

Qb — d)e + gb?;adratic

yM ym

= h o v =)
yM ym

— Eh—ﬁ(3$2—$2—y2_22)
yM ym

= ﬁ — 2—(13(3 COS2 0 — I)Rz

e

where r = R, near the surface of the Earth. The potential at the maximum of the

tide, for example § = 0 where h = h,, and at the minimum of the tide, for example
§ = /2 where h = h,, is

_ oM, am
ba = R? ha = 52 He
M om 2
S = paly—5p(—Le)



In case of hydrostatic equilibrium, ¢ = constant, and thus ¢, = ¢,. Then

yM 2R%ym yM R%*ym
hy — = —h
R2 2003 T op
3mR:
hy —h, = =
- v T 2PN

Using masses m = 7.348 x 10?2 kg and M = 5.974 x 10?* kg for the Moon and the
Earth, respectively, and the radius of Earth R, = 6371 km and the distance of the
Moon from the Earth d = 384400 km,

hy —hy, =~ 0.5m.
The mean observed tide height is of order 8 m. The tides are actually a dy-

namic phenomenon, not static as assumed here. (For more information on tides,
see http://scienceworld.wolfram.com /physics/Tide.html)



