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20. Clebsch-Gordan coefficients 1287

20. CLEBSCH-GORDAN COEFFICIENTS,
SPHERICAL HARMONICS, AND d FUNCTIONS

. , J J ..
Note: A v is to be understood over every coefficient, e.g., for —8/15 read —+/8/15. . Notation:f , ..
1/2X1/2 | * s Vo T, - my mg
=4/—cos :
lri2+122) 1] 0 o 1 4 2X1/2 sp2ls2 3.2 my my | Coefficients
+1/2 1721172 1/2] 1 3 el 1Pty o
=172 +1/2(1/2-1/21-1 Yl = —,/—-— sin g e?® +2 =1721/5 as5| 5,2 322
|-1/2-172] 1 & +1 +1/24/5 -1/5 |[+1/2 +1/2
. v 5 (3 29 1 +1-172{ 2/5 3/5| 5/2 3,2
. 2 =4/ 7o\ c087 0~ —) 0+1/2| 3/5 ~2/5]-1/2 ~-1/2
1x1/2 4372 dr 12 0-172| 3/5 2/5| 5,2 3,2
+322) 32 12 15 /2| 3/5 2/5] 572 3/
Fivia i1 +12 vl= /15 Gnocosseid -1+1/2| 2/5-3/5)-3/2 -3/2
2 gy Smycosve F 1-1/2| 4/5 175} 5,2
+1-172| 173 273] 372 1,2 . 3/2%1/2 o
0+1/2| 2/3 -1/3}-1/2~1/2 1 /15 / /2 b7 1 -2 +1/2| 1/5 -4/5]-5/2
o<izal 33 1] 32 V2=~ [1o sin2 0 2% [+3/2 +12] 1}+1 +2 - =y n
_1+172| 13-273)-32 4V 2r +3/2-1721174 34 2 2
ax1[ EEV +1/2 +1/213/4-1/74] 0 o0
#3} 3 2 3/2%x1 +§5§ 572 3,2 +1/2-1/2{1/2 172] 2 1
jr2+1f 1f+2 +2 Gl 1lt3/2 +302 -1/2+1/2{1/2 -1/2] -1 -1
+2 of13 273 3 2 1 +3/2 0| 2/5 3551 572 372 172 ~1/2-172| 374 174] 2
+1 +12/3 ~1/3] +1 +1 41 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 ~3/2 +1/2| 1/4-3/4|-2
+2 -111/15 1/3  3/5 +3/2-111710 2/5 1.2 l-3/2-1/21 1
1x1 2 +1 018/15 1/6-3/10] 3 2 1 +1/2 0} 3/5 1715 -1/3) 5,2 372 172
+2F 2 1 0+1{6/15 =172 1710] o 0 0 1-12+1{310 -8/15 1/6)~1/2 -1/2 -1/2
preaf 1f+1r +1 +1-1{1/5 1/2 3/10 +1/2-1[3/10 8715 1/6
+1 ofiz 12 2 1 o o of3s o -25] 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5.2 3.2
o+1ji2-12] o o0 o ~-1+1|1/5 -1/2 3710 -1 -1 -1 -3/2+1|1/10 ~2/5 172}-3/2 -302
+1-1{1/6 1/2 1/3 0-1l6/15 1/2 1/10 -12-1} 3/5 2/5] 5,2
0 0f2/3 0-1/3} 2 1 -1 0|8/15 -1/6-3/10] 3 2 -3/2 0| 2/5 ~3/5}-5/2
-1+1{1/6 -1/2 1/3]-1 -1 —2+1{1/15 -1/3 3/5] -2 -2 |-32-1] 2
Y mome 0-1l1/2 1/2| 2 -1-1{2/3 1/3] 3
Y =0T L 1/2L—11/ 21 —i rr mCRIR |3 -22/ i _z (j1damimal|j1j2 T M)
e . m ,—imo Ll P R S C e g
0 = \/2“_ T Y emime = (=1)7 71792 (jpj1mom 251 M)
J _ (_1\m—m/ i _ g 3 /] .6
dm’,m - ( 1) dJm,m’ - d—mlm’ 3/2X3/2 +3] 3 2 d1/2 == COS = d1/2 = —§in —
1/2,1/2 2 1/2,~-1/2 5
f+3/2 +32] 1]+2  +2
2X3/2 ;ﬁ Yy +3/2+1/2| 1/2 1/2] 3 2 1 g = 1+ cosf : 1 sin
Fze3/2 1}5/2 4572 . +1/2 +3/2 +;/z -i/2 1-;: 14;; - -;-; 11— 2 1,0 — \/5
+2+1/21 377 4/71 772 5/2 372 +1§2 +1ﬁ /5 0 —é/s 3 2 1 0
F143/2) 477 3771372 +3/2 +3/2 -1/2+3/2 |1/5 =172 3710 0 0 o o 1 —cosf
+2-1/2( 1/7 16/35 2/5fmm _ 1/20 1/4 di _; = ———
+1 12| 41 135 -255] 172 5.2 3.2 172 Iiz o S ail B 2
2%2 E — 0 3/2| 2/7-18/35 1/5] +1/2 +1/2 +1/2 +1/2 Z12 +172 9720 -1sa 1720 1af 3 2 T
[Fmezi1] +3 +3 ' +2-372| 1/35 6735 2/5 2/ ~3/2 +3/2 |1/20 -1/4 9,20-194] -1 -1 -1 d3,0=cosg
+1-1/2(12/35 5/14 0 -3/10 t1/2-3/2| 1/5 172 3/10
+2+111/2 12| 4 302 0 12(18/35 =335 -1/5 15| 772 572 32 12| |yt as o a5
tl+2]1/2-1/20+2  +2 +2 o1 3/2) 4/35-27/70  2/5 -1/101 =172 -1/2-3/2 1728 | _354%2| 1/5-1/2 3/10) -2 -2
+2 0)|3/14 172 277 . +1 =372 4/35 27/70 2/5 1/10 T
+1 1} 4/7 0 -3/7 4 3 2 1 . 0 -1/2 [18/35 3/35-1/5 -1/5 12 -3/211/2 1721 3
0 2{3/14-1/2 2/7] +1 +1 41 +1 -1 1720235 -5,14 0 350|772 5,2 3p2| ERL2ZA21302217203
2 -1|1/14 3,10 371 1/5 ~2 372 1/35~6/35 2/5 -2/5}3/2 =3/2-3/2 L3/2-3,2
+1 0f 3/7 1/5-1/14-3/10 n - 0 -3/2| 2/7 18735 1/5 s
0 1} 3/7 -1/5-1/14 3/10 4 3 2 - - ~1 ~172| 477 ~1/35-2/5] 1,2 5/2
1 6 8 _ - z
tigﬁ 32 = 1Heost s’ 1 2(134-3/10 347 154 0 0 o0 0 O -2 1/2]| 1/7-16735 2/5) 512 -5/2
) 2 2 : +2 -2 | 1770 1220 2/7 2/5 1/5 -1-322] 41 3. 12
d3/2 1+0089 . I +1 -1 8/35 2/5 1/14~1/310 ~-1/5 -2-1/2 3/7 ~4/7F1/2
s/2,1/2 = ~V3——5—sinz 0 01835 0-2/7 0 1/5
’ 2 2 -1 1| 8/35 -2/5 1/14 1710 -1/5] . 4 3 2 1 -2-372} 1
372 _ ﬁlfcosg 4 -2 211/70-1/20 2/7 ~2/5 15} -1 -1 -1 -1
3/2,-1/2 = 5 085 2 (1 + cos 0)2 +1 -211/14 3710 377 1/5
. 225\ 9 /) 0 -1} 3/7 1/5-1/14-3/10
52 = _l-cosf 6 2 -1 0| 37 -1/5-1/14 30 & 3 2
3/2,~8/2 7 2 2 2. = 14 cos®@ sinf -2 1|1/14-3/10 377 =15} -2 -2 -2
B2 Scosf+1 8 2,1 2 s _ l+cosd 0 -2[3/14 172 277
Y212 T T3 C083 N diy = —5— (2cos6-1) -1 -1{47 o-32[ 4 3]
2. =2 n20 . -2 0l3/14~1/2 2/7| -3 -3
&2 = _Bcosf+l 6 207 4 2 3, -1 -2[12 172 4
1/2-1/27 2 2 2 1-cosf |, p dio == 3 sinfd cos @ -2 -1|1/2-1/2)-4
i 2,-1 = T 51 —2 -
’ 2 9 1~ cos# 2 3 1 2 —2ls
y 1—cos@\2 df 4 = =—7—(2cosf+1) df o= |7 cos 9—-—)
go-(ty AT om e
i 2 .

Figure 20.1: Sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The signs and
numbers in the current tables have been calculated by computer programs written independently by Cohen and at LBL.
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