763629S CLASSICAL FIELD THEORY Exercise 1  Spring 2008

1. Consider a coplanar double pendulum shown in figure.

The Lagrangian of this pendulum is

1 ) 1 . ..
L = §(m1 + m2)12¢12 + 57”212%022 + m252801<f32 cos (1 — ¢2)

+(my + ma)gl cos o1 + magl cos ps.

Show that the frequencies of small oscillations are

w2 = L(ml -+ Mo + \/mz(ml + mg))
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2. Consider a system of masses in a plane concatenated to each other with
springs. Assume that these masses can vibrate both in the longitudinal
and in the transversal directions at the plane.

Show that the Lagrangian for small oscillations is

L=} ;m(ﬁf + ) =) [l;(ni-&-l — i) + QL(WH —w)?| +C,
i=1 i=0 a

where C' is constant, n; and pu; are the displacements of masses from their
equilibrium positions in longitudinal and transversal directions, k is the
spring constant and 7 = k(a— ag) is the tension force at equilibrium (We
assume that the springs between masses are stretched at equilibrium so
that their lengths are a. Parameter ag is the length of an unstretched
spring,. ).
Show that the longitudinal and transversal oscillations happen indepen-
dently.
Write down the dispersion relation for both independent oscillations and
use the dispersion relation to obtain the propagation velocities ¢| and ¢
for long wavelenghts.



(Hint: As an intermediate step use

k n
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=0
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Be careful to keep all second order terms in 7.)

. Consider a two-dimensional square array of 2/N massless strings of unper-
turbed length (N +1)a with fixed endpoints. The strings are stretched to
tension 7 and have point masses m located at each intersection (ia, ja),
where 1 < 4,5 < N. Assume that masses can vibrate only in the
transversal direction (direction perpendicular to the plane of the array).

a) Argue that the Lagrangian for small transverse displacements 7;; of
the masses is
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b) Construct the equations of motion for travelling waves with the wave
vector k = k,Z + kyy, and show that the dispersion relation is

4 k k
w= \/T(Sin2 2o 4 sin? La).
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¢) Show that the dispersion relation for long wave lengths is isotropic
(same in all directions).



