
763629S CLASSICAL FIELD THEORY Exercise 3 Spring 2008

1. Consider a Lagrangian density, which is expressed in the form

L = L(ψ,∇ψ,
∂ψ

∂t
, ψ∗,∇ψ∗,

∂ψ∗

∂t
; x, t),

where ψ = a + ib is a complex function, whose real and imaginary parts
are independent �eld variables.
Show that the equations of motion for a and b are equivalent with the
equations of motion, which one obtains by simply taking ψ and ψ∗ as
independent �eld variables.
Let's now consider the Lagrangian density

L = − h̄2

2m
∇ψ · ∇ψ∗ − V ψ∗ψ +

ih̄

2
(ψ∗ψ̇ − ψψ̇∗).

Use the result obtained in the �rst part of the problem to show, that
this Lagrangian density leads to the Schrödinger equation

− h̄2

2m
∇2ψ + V ψ = ih̄

∂ψ

∂t
.

Calculate the canonical impulse densities corresponding to �elds ψ and
ψ∗ (the calculation is reasonable, since the equations of motion, which
one obtains by assuming ψ and ψ∗ independent are valid).

2. Verify the conservation law (112)
∂

∂t

[
∂L

∂(∂u/∂t)

∂u

∂xj

]
+

∑

i

∂

∂xi

[
∂L

∂(∂u/∂xi)

∂u

∂xj

− δijL
]

= − ∂L
∂xj

.

3. Study which of the three possible conservation laws discussed in the
lectures are satis�ed, if the equation of motion for the Lagrangian density
is
a) wave equation i.e. the Lagrangian density is

L =
σ

2

(
∂u

∂t

)2

− τ

2
∇u · ∇u.

b) Scrödinger equation i.e. the Lagrangian density is

L = − h̄2

2m
∇ψ · ∇ψ∗ − V ψ∗ψ +

ih̄

2
(ψ∗ψ̇ − ψψ̇∗).

Amuse yourself by considering the quantities H, Pj and π, and their
physical meaning, when the corresponding conservation laws are satis-
�ed.


