763645S SUPERCONDUCTIVITY Solutions 8  Fall 2015

1. BCS ground state
Show that g, [t0g) = 0 for the BCS ground state |¢)y), which means that |¢y) is the
vacuum state for excitations. Consider at least the case o =7.

(Hint: It is useful to define ¢, = uy + Uka;rﬁaim and to show that [cg, ] = 0.)

Solution:

Some preliminaries first. These should be useful also elsewhere. The BCS ground state is

o) = H(uk + UWLMT_H)’W@

k

where |vac) is the vacuum state: axt|vac) = 0. Defining ¢y = uy + vkaTkTatki, we may
write

o) = [ cwlvac)

Is the order of ¢ys in the product relevant, or can we freely commute them? Let’s see. For
k # 1 we find

ka1 = (ug + vkaLTaT_M)(ul + vlaLaT_u)
= Upu; + ukvlahaiu + ulvkaLTaiM + vkvlaLTaikiaITaiu
= wuy + uwkabaiu + ukvlaITaT_u + vlUkCL}LTCLT_NCLIT(TCLT_I(l
= aCk
Thus the operators commute. (Getting to the second to last line requires anticommuting

operators in the four-operator term 4 times (a}a; = —a}aj-), which thus keeps the sign
intact.)

Now to the problem itself. Using the above commutation result, we can isolate from the
BCS ground state an arbitrary cx = uy + vkalT(TaT_k ! factor and bring it to the front of the
product. Thus we need to calculate for example

et lto) = e | [ alvac)
14k



where Y = upaxr — vkaT_k . Now an intermediate result.

Yierek = (upair — Ukatki)(uk + Uka;r@atki)
= ’U,iak'r + ukvkakTalT(TaT_ki - ukvkaiki — vzaT_kiaLTaT_ki
= uiakT + ukvkaiki — ukvkaLTakTatM — ukvkaiki + vﬁaLTaikiaiki
= uiakT + ukvkaI{TaT_kiakT = URCkAKy
Since there is no ¢x-factor in the product [], e (and [akt, c—x] = 0, as you may check),
we may move the ax+ operator all the way through:
Yiet| Vo) = Yiercx H alvac) = ugcxaxr H alvac) = ugey H aaxr|vac) =0
14k 1k 1k

A similar proof can be given for 7y |1y) = 0. One can for example isolate c_x in front of
the product and take it on from there.

Note: One can in fact construct the state [tp) from the requirement that yi+|1)o) = 0.
This property leads directly to the guess that [th) o< [y , 1k c|vac) where ayx,|vac) = 0.

One may first show that Yk +v_x |vac) = vi(ug + vkaLTatk7¢)|vac) and then argue that

[1ho) x [ L (e rv—x,y)[vac) oc T, (ug + vkaL7TaT_k7¢)\vac>. This is left as an additional
exercise.

. Normalization of the BCS ground state
Assuming that (vac|vac) = 1, show that the BCS ground state [¢)y) is normalized as

<¢0|¢0> =1

Solution:

Define (once more) the operators ¢y = uy + UkaLTaT_ki, which satisfy [cy, 1] = 0. Then
(tholtho) = (vac| H CL H alvac)
K 1
Let us order the products as follows
(tol1ho) = (vac]| H cInchkHcl\va@
m#£k 1k
Here
cke = (uf + via i aig) (ug + vpajgaly)
= ]uk|2 + UZUkCLLTaT_ki + U,’;uka,kiam + |vk\2a,k¢akTaLTaT_k¢
= |ug|* + |vk|2a_k¢aik¢ — |v;€|2a_1¢aLTakTOLL<i + qukaLTaiu + VR UGk it

=1- |vk]2a1_k¢a_k¢ + |vk|2a_k¢aLTaT_k¢akT + qukaI{TaT_kL + VR UG | et



where the anticommutation rules and |ug|? + |vi]? = 1 were used. The last four terms
clearly all produce zeroes in (1g|t)g). What thus remains is simply

(tol1ho) = (vac]| H cIanl\va@ = ... = (vaclvac) =1
m#k 17k

The dots mean that we can repeat the above procedure by isolating some other ¢! cpm
with m # k in the center of the sandwich. When this is done for all wave vectors, all that
remains is (vac|vac), which equals 1 by assumption.

. Excitations of BCS state

Let [to) be the BCS ground state. Show that the excited states 5] [¢) are of the form
where the single-particle state ko (to which particles are created by ELLU) is populated
and —k — o is empty. You can limit to the case 0 =t.

Solution:

Define (again) the operators ¢, = ug + vkaLTaik 1» Which satisfy [ck, a] = 0. Now first

%T(¢|¢0> = %T{TCk H alvac)
1k
Then by using the anticommutation relations
%JLTCk = (UZGTM — vpai) (ur + UkaTkTatki)
= ]uk|2aLT + uzU;galT(TCLIT(TCLT_ki — VpURG_K| — |vk|2a_k¢CLLTaT_ki
= up|*af, — vjura iy + |vel*afpa ial
= |Uk|2a1T<T — VpUkliy + |Uk|2a1r<¢ - |vk|2aLTaik¢a_k¢
= alT(T — VpCKG_x|

Note that we used |ug|? + |vg|* = 1. Now back to what we were doing:

711T|w0) = ’y;LTck H alvac) = aLT H alvac) — viexa g H alvac)

14k 1k 14k
= aLT H alvac) — vy, H aa_g|vac) = aLT H alvac)
14k 1 14k

In this state clearly the level —k | is empty, and k 1 is filled. A similar proof can be
repeated for ’yl L[o)-

. Energy functional
Show that for the energy functional (ui =1 —v?, & = R*k?*/2m — )

LS
Q(T7 V7 H, Vg, A) =2 Z(gkvz - Aukvk) + ?AZ
k

— 2kpT Z In(1 + ¢~ VE&+a/ksTy,
2



the relations

o o0 _
8vk_’ 8A_

are equivalent with the conditions (152) and (158) of the lecture notes.

0,

Solution:

The energy functional is
LS
Q(Ta ‘/7 oy Uk, A) =2 Z(ﬁk“i - AUkUk) + _A2
g
Kk

—2kpT Y In(1 4 e VETAYET),
k

First,

— =2(2 — Auy — Avy,—
ur ( ErVk Uk Vg (%k)

Here we note that u, = /1 — v,% and thus

ﬁuk 2Uk Vi

Ovy, 24/1 — v? ug,

So

(?Uk
QSkUk — Auk + AU%/U}~C =0
2§kukvk — Aui + AU]% =0

This is equal to (152). (Note that, for notational simplicity, we’ve only considered €2 to
be a function of a single vy, but of course there is one for each k.)

Second,

o0 L3 e~ Pr/kpT 1 OE,
AL 2~ A — 2kpT -
oA ;“’“”” g b gue—Ek/ksT( kT A

Here we use Ej = /& + A? so that
OF}, A A

N~ JorAr B




& 1A
Further, we note that wiv, = 54/1 — E—’% 35 Then
o5
— =0
0A
L3 A/Ey
—2;ukvk+2;A+2;—1+eEk/k5T =0
1 3
—2) ukvrll = 25 T T2 A =0
k

Done.



