
Statistical physics Final examination 13.12.2006
Suomalainen versio: käännä!

1. Show the following relations for ideal Bose-Einstein gas:

(∆nℓ)
2 ≡ 〈(nℓ − n̄ℓ)

2〉 = n̄ℓ(1 + n̄ℓ)

(∆N)2 ≡ 〈(N − N̄)2〉 =
∑

ℓ

n̄ℓ(1 + n̄ℓ),

and for ideal Fermi-Dirac gas:

(∆nℓ)
2 = n̄ℓ(1 − n̄ℓ); (∆N)2 =

∑

ℓ

n̄ℓ(1 − n̄ℓ).

Here N̄ =
∑

ℓ n̄ℓ is the total number of particles.

2. Thermodynamic response functions can be obtained as second derivatives of

thermodynamic potentials. Show that the heat capacities CV ≡ T
(

∂S
∂T

)

V,N

and Cp ≡ T
(

∂S
∂T

)

p,N
can be expressed as

CV = −T

(

∂2F

∂T 2

)

V,N

, Cp = −T

(

∂2G

∂T 2

)

p,N

.

Show also that the compressibilities κT ≡ − 1
V

(

∂V
∂p

)

T,N
and κS ≡ − 1

V

(

∂V
∂p

)

S,N

can be written as

κT = −
1

V

(

∂2G

∂p2

)

T,N

, κS = −
1

V

(

∂2H

∂p2

)

S,N

.

Why the sign in front of the second derivative is negative?

3. Show that the expansion of the pressure for the ultrarelativistic Fermi-Dirac
gas (kF ≫ kc = mc/h̄) at vanishing temperature T = 0 is

p =
h̄c

12π2
(k4

F − k2
ck

2
F + . . .)

4. Calculate the leading contribution to CV when T ≪ TF for ideal Fermi-Dirac
gas. Hint: the 1st order Sommerfeld expansion is

∫

∞

0
dǫ

φ(ǫ)

eβ(ǫ−µ) + 1
≈

∫ µ

0
dǫ φ(ǫ) +

π2

6
(kBT )2φ′(µ) + . . .

5. The grand potential of the ideal Bose-Einstein gas is

Ω = kBT ln(1 − z) −
V kBT

λ3
T

g5/2(z) , gx(z) ≡
∞
∑

n=1

zn

nx
.

Here λ2
T = 2πh̄2/(mkBT ) and z is the fugasity. Write down the Clausius-

Clapeyron equation for the condensation transition and show that the con-
densation heat per particle is

∆h =
5

2

ζ(5
2
)

ζ(3
2
)
kBT, ζ(x) = gx(1)


