
Statistical physics Problem set 6 19.10.2006

1. We have a gaussian probability distribution function

f(x) = Ce−
1

2
xT gx

x = (x1, x2, . . . xn)T , and g is N × N symmetric matrix.

a) Show that C = (2π)−n/2
√

detg (hint: diagonalize g)

b) Show that

〈xp · · ·xr〉 =

[

∂

∂hp

· · · ∂

∂hr

F (h)

]

h=0

, F (h) = e
1

2
hT g−1h

c) Show that 〈xixj〉 = (g−1)ij and 〈xi1xi2 . . . xik〉 = 0 if k odd

2. The density operator in canonical ensemble is ρ = exp[−β(F − H)]. Show
that

〈H〉 =
∂(βF )

∂β
and 〈(H − 〈H〉)3〉 =

∂3(βF )

∂β3
.

3. Let us assume that we have spin-1

2
particle with spin z-component σz eigen-

states |+〉 and |−〉.

a) In an experiment it has been verified that the probabilities of states |±〉
are p+ = 〈+|ρ|+〉 and p

−
= 〈−|ρ|−〉 = 1 − p+. Show that, with these

conditions, the entropy is maximized by a density operator ρ with zero
non-diagonal elements: 〈+|ρ|−〉 = 〈−|ρ|+〉 = 0. What is the maximum
entropy?

b) Let us assume that at time t = 0

ρ =
[

p+ 0
0 p

−

]

.

The particle is set in a magnetic field along x-axis so that the Hamiltonian
becomes H = −hσx. Determine ρ(t) and the probability that the spin
z-component state is |+〉. Determine 〈σz〉 and (∆σz)

2 = 〈σ2
z〉 − 〈σz〉2 as

functions of time. (σi are 2 × 2 Pauli matrices.)


